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Abstract 

We introduce new invariants associated to collections of compact sub- 
sets of a symplectic manifold. They are defined through an elementary- 
looking variational problem involving Poisson brackets. The proof of the 
non-triviality of these invariants involves various flavors of Floer theory, 
including the /i^-operation in Donaldson-Fukaya category. We present ap- 
plications to approximation theory on symplectic manifolds and to Ifamil- 
tonian dynamics. 
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1 Introduction and main results 



1.1 C°-robustness of the Poisson bracket 

Let (M^",w) be a symplectic manifold. Consider the space C^{M) of 
smooth compactly supported functions on M equipped with the uniform norm 
||F|| := max^^gM |-F(a^)| and with the Poisson bracket {F, G}. Most of the action 
in the present paper takes place in the space J" = C^{M) x C^{M). It was 
established in ^ (cf. [MIIH]) that the functional 

J-^ [0;+oo),(^^,G)^ ||{F,G}||, 

is lower semi-continuous in the uniform norm, meaning that 

liminf \\{F,G}\\^\\{F,G}\\ \fF,G eJ". (1) 

F,G^F,G 

This result can be considered as a manifestation of symplectic rigidity in the 
function space J-. The surprising feature here is that the Poisson bracket in- 
volves first derivatives of functions, while the convergence in ([T]) is only in the 
C°-sense. 

The main observation of the present paper is that certain variational prob- 
lems involving the functional {F, G) i— > \ \{F, G} 1 1 give rise to invariants of (collec- 
tions of) compact subsets of symplectic manifolds. Even though their definition 
involves only elementary calculus, their study is based on a variety of "hard" 
symplectic methods such as Gromov's pseudo-holomorphic curves, Floer the- 
ory, Donaldson-Fukaya category and symplectic field theory. The applications 
of these invariants include approximation theory on symplectic manifolds and 
Hamiltonian dynamics. 

1.2 Introducing the Poisson bracket invariants 

We introduce the following two versions of the Poisson bracket invariants. 
Invariants of triples: Let X,Y,Z c M be a triple of compact sets. Put 

p63(^,l",^)=inf||{i^,G}||, 
where the infimum is taken over the class 

T3{X,Y,Z) ■.= {{F,G) I F\x <0,G\y <0,iF + G)\z > 1 } (2) 
of pairs of functions from J-. Note that this class is non-empty whenever 

xnynz==0, (3) 

see Figure [1] Indeed, it contains any partition of unity subordinated to the 
covering {M \X, M\ Y, M \ Z) of M . If the latter condition is violated, we put 

An easy check shows that p63(X, Y, Z) is symmetric with respect to X, Y, Z. 
The next toy example shows that this variational problem is non-trivial. 
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Figure 1: Xr\Yr]Z^% 



Example 1.1. Consider the sphere 

5*2 = {(x, y, z) e R3 I _^ y2 ^ ^2 ^ 1} 

with the standard symplectic form. Take three big circles 

X = {x ^ Q}, Y = {y = Q}, Z = {z ^ 0}. 

It turns out that pb3{X, Y, Z) > 0, see Example 11.161 below . Later on we shall 
discuss various generalizations of this example to higher dimensions and to sin- 
gular subsets which are not necessarily submanifolds. 

Invariants of quadruples: Let Xq, Xi,Yo,Yi c M be a quadruple of com- 
pact sets. Put 

pbi{Xo,X,,Yo,Yi) = M\\{F,G}\1 
where the infimum is taken over the class 

{{F,G) I F\xo < 0, F\x, > I, G\yo < 0, G\y, > 1 } (4) 
of pairs of functions from J^. Note that this class is non-empty whenever 

n Xi = Fo n Fi = 0, (5) 

see Figure [2l 

If the latter condition is violated, we put pb4{Xo, Xi,Yo,Yi) = +oo. 

Example 1.2. Consider two parallels Xq and Xi and two meridians Yq and Yi 
on a two-dimensional torus T^. They divide into four squares. Pick three 
of the squares, attach a handle to each of them and call the resulting genus- 
4 surface M. Equip M with an area form w. We shall see in Remark 11.241 
(or, alternatively, in Section [L7l) that pb4{Xo, Xi,Yo,Yi) > 0. Furthermore, 
this example is stable in the following sense. Consider the product M x T*S^ 
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Figure 2: n Xi = Fq n Fi = 

equipped with the symplectic form w + dp A dq. Let Ki, . . . , be any four 
exact section^ of T*S^. Then ^64(^0 x Ki, Xi x K2,Yo x Ks^Yi x K4) > 
(see Theorem 15.61 and Remark I5.7P . Exactly the same conclusion holds true for 
the quadruple of circles Xg, Xi,Yq, Yi on the torus T'^ (no handles attached) as 
well as its stabilization by four exact sections of T*S^, see Remark [ 



One can easily check that pb4{Xo, Xi,Yo,Yi) does not change under permu- 
tations which switch Xq with Xi, Yq with Yi or the pair (Xq, Xi) with the pair 
(5^0,^1). 

In what follows we shall often use a slightly different but equivalent definition 
of the Poisson bracket invariants. Given a closed subset X C M, we denote by 
Op{X) a sufficiently small neighborhood of X. When we say that = on 
Op{X) we mean that F vanishes on some neighborhood of X. For a triple of 
compact subsets X,Y, Z C M satisfying ([3]) define a class 



J"3(X,r,Z) -.^{{F^G) \ F>0,G>0,F + G< 1, 

F\op{x) = 0, G\op(Y) =0:iF + G)\op{z) = 1 }■ 
Similarly, for a quadruple of compact sets Xo,Xi,Yo,Yi C M satisfying ^ put 

J-^(Xo,Xi,ro,i"i) ■={{F,G) \ 0<F<1, F\opixo)^0, F\opix,)^l, 

< G < 1, G\op(Yo) = 0, G\op{Yi) = 1 }• 

Proposition 1.3. 



and 



pb3{X,Y,Z)= inf ||{F,G}|| 

{F,G)&J^!^{X,Y.Z) 



phi{Xa,Xi,Ya,Yi)= inf ||{J^,G}||. 

{F,G)er^(Xo,Xi,Yo,Yi) 



(6) 



(7) 



''Here and further on by an exact section of a cotangent bundle we mean a graph of the 
differential of a smooth function on the base. 
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The proof will be given in Section 12.31 

1.3 An application to symplectic approximation 

Non- vanishing of the Poisson bracket invariants can be interpreted in terms 
of geometry in the space J- equipped with the uniform distance 

d{{F,G),{H,K)) = ||^^-i/|| + ||G-/^|| 

as follows. Consider the family of subsets /Cs C J^, s > 0, given by 

Ks = {{H,K)eF : \\{H,K}\\<s}. 

Define the profile function pf.g ■ [0; +oo) — > M associated with a pair (F, G) £ T 
(cf. [H]) as 

PfM^) ■.= diiF,G),ICs). 

Obviously, pi^^cdK^i G}||) ~ and the function pf.g(s) is non-increasing and 
non- negative. The value pf.g(O) is responsible for the optimal uniform ap- 
proximation of (F, G) by a pair of Poisson-commuting functions. Many re- 
sults of the function theory on symplectic manifolds can be expressed in terms 
of profile functions. For instance, the lower semi-continuity of the functional 
{F, G) I—)- \ \{F, G}\\ discussed in the beginning of this paper means that for any 
F,G e C^{M) we have that pf,g{s) > for any s € [0; ||{F, G}||). The study 
of the modulus of the lower semi-continuity of this functional performed in [9] , 
cf. [17], yields a sharp estimate on the convergence rate of pp,g{s) to zero as 
s — >■ G}||. Below we focus on behavior of profile functions at and near 
s = 0. 

Consider a triple {X,Y,Z) or a quadruple {Xq, Xi,Yo,Yi) of compact sub- 
sets of M satisfying intersection conditions ^ and ([5]) respectively. In both 
cases denote by p the Poisson bracket invariant pb^{X,Y,Z) or, respectively, 
ph/^{XQ,Xi,YQ,Yi). Define subclasses 

j-;^ (X, r, z) c J-3 (X, r, z) , j-^ (Xo , Xi , Fo , n ) c J-4 (Xo , Xi , Fo , ^1 ) 

consisting of all pairs {F, G) such that at least one of the functions F,G has its 
range in [0; 1]. We shall often abbreviate these classes as and J-4. 

The main result of this section shows that the profile functions associated to 
pairs from J^^ exhibit quite different patterns of behavior depending on whether 
p = OT p > 0. Furthermore, when p > 0, there is a difference between the 
cases fc = 3 and k = A. 

Theorem 1.4. [Dichotomy] 

(i) Assume that p = 0. In this case for every s > there exists (F, G) G J-\. 
(where fc = 3,4j with Pf,g{s) — 0. 
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(ii) Assume that p > 0. Then for every {F,G) G J^J. (where k — 3,4j the 



7\> 

k 

profile function Pf,g is continuous, pf.g{0) = 1/2 and 
1 1 



>pp,G{s)ysG[0;\\{F,G}\\]. (8) 



2 2||{F,G}|| 
Furthermore, 

Pf,g(s) > i - • ^/i WiF,G)eP,\fs>0, (9) 

2 2y^ 

and 

Pf,g(s) > ^ - ^ • s V(F,G) e Vs>0. (10) 



This result, whose proof is given in Section [3?2l deserves a discussion. The 
appearance of the class J^^ in our story is quite natural; it follows from Proposi- 
tion [T3] that p — inf ||{F, G}||, where the infinium is taken over all (F, G) £ 
This immediately yields part (i) of the dichotomy. 

A comparison between estimates ([5]) and ((TU)) shows that for {F, G) G J-\ 
and > 

1/2 - pf.g{s) ~ s 

for small s, and thus we have captured a sharp rate, in terms of the power of s, 
of the profile function near 0. (Here and below we write a(s) ^ b(s) whenever 
for all sufficiently small s > the ratio a{s)/b{s) of non-negative functions a 
and b is bounded away from and +oo.) 

In contrast to this, when {F,G) € J-^, there is a discrepancy in the powers 
of s in upper bound © and lower bound ©. Interestingly enough, for a certain 
triple of closed subsets X,Y,Z with a positive Poisson bracket invariant pbs, 
both rates 1/2 — pp^cis) ~ s and 1/2 — pp.ais) ^ \fs can be achieved by 
suitable pairs {F, G) € Fl {X, Y,Z). 

Indeed, consider the sphere 

= {{x, y, z) eR^ \ x"^ +y^ + = 1} 

with the standard symplectic form w on it. Define i^, G : 5^ — > M by F{x, y, z) = 
x^ and G{x,y,z) — y^. These functions lie in J'^{X,Y, Z), where X, Y and Z 
are the big circles {x = 0}, {y = 0} and {z ~ 0} respectively. We have seen in 
ExampleOthat p pb^iX, Y, Z) > 0. 

Theorem 1.5. For the functions F, G : S'^ ^ R as above one has 

Pf,g{s) < PfMQ) - CV^ (11) 

for some G > 0. 



In particular, by ([9]) we get that 1/2 — pp^cis) ^ \/s. The proof wiU be given 
in Section [331 
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Further, cover the circle Z by two open subsets, TJ and V so that U<^X = 
y = 0. Take any pair of non-negative functions F, G from T\(X, Ur\Z, Y, VDZ). 
Observe that {F, G) automaticaUy Ues in J-\{X, Y, Z). By inequaUty below, 

p pbi{X,U Z,Y,V Z) >phz{X,Y,Z) >0. 

Thus by 

P'^^^'^A-Yp'"' 

and hence, by ([8]), we get that 1/2 — pf,g{s) ^ s. 

It would be interesting to explore further the rates of 1/2 — pf,g{s) as s 
for (F, G) e ^\{X, Y, Z): Are there intermediate rates between ^ s and ^ ^/sl 
Is there a generic rate, and if yes, what is it? 

Let us continue the discussion on the Dichotomy Theorem. The continuity 
of pp^q{s) for s > holds, in fact, for any pair {F,G) € J- (which does not 
necessarily lie in J^^): 

Proposition 1.6. For every (F, G) £ T , the profile function spp.G Lipschitz 
on (0; +oo) with the Lipschitz consiani 3min(||_F||, ||G||). 

In particular, pf,g is continuous on (0; +00). Let us mention also that the 
Lipschitz constant of spf,g{s) is uniformly bounded by 3 for all {F,G) € J^^.. 
The proposition is proved in Section [XT] 

The Dichotomy Theorem leaves unanswered the following natural and closely 
related questions on the behavior of profile functions at s = which, in general, 
are currently out of reach. The first one deals with part (i) of the Dichotomy 
Theorem: 

Question 1.7. Assume that the Poisson bracket invariant p vanishes. Is it true 
that 

inf pf,g{Q) = ? 

(F,G)£J^I 

Or, even stronger, does there exist a pair {F, G) in J-\ or in its closure in C (M) 
with ||{_F, G}|| = 0? In the last question we assume for simplicity that M is 
compact, and we define GjH for continuous F and G by formula ([1]). 

The second question is as follows: 

Question 1.8. Is the function Pf,g continuous at for any pair of functions 

(F,G)eJ"? 

It turns out that for closed manifolds of dimension two the answers to both 
questions are affirmative. This readily follows from a recent result by Zapolsky 
[49] which states that every pair of functions F, G on a surface with 1 1 {F, G} 1 1 ~ s 
lies at the distance ~ -y/s from a Poisson-commuting pair. In fact this yields the 
following more detailed answer to Question 11.81 compare with inequality ([9]): 
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Proposition 1.9. Suppose (M, w) is a closed connected 2 -dimensional symplec- 
tic manifold. For any {F, G) the profile function Pf,G satisfies the inequality 

PfM-^)> PfA^)-C^s, (12) 

for some constant C = C{M,uj) > 0. In particular, Pf,g is continuous at 0. 

We refer to Section 13.31 for the proofs and further discussion. 
1.4 An application to dynamics: Hamiltonian chords 

Theorem 1.10. Let Xq, Xi,Yo,Yi C M be a quadruple of compact sets with 
Xo n = Fo n Yi = and pb^iXa, Xi,Yo, Yi) = p > 0. Let G G G^^{M) be 
a Hamiltonian function with G\yo < and G\yi > 1 generating a Hamiltonian 
flow gt- Then gxx G Xi for some point x G Xq and some time moment T G 

[-1/p-Mp]. 

We refer to the curve {gtx} t£[Q;T] ^-s to a Hamiltonian chord of gt (or, for 
brevity, of the Hamiltonian G) of time- length |r| connecting and Xi. 

Hamiltonian chords joining two disjoint subsets (notably, Lagrangian sub- 
manifolds) of a symplectic manifold arise in several interesting contexts such 
as Arnold diffusion (see e.g. [SOIjISI Question 0.1]) or optimal control (see e.g. 
[55] . [551 Ch.l2], [5^). Furthermore, Hamiltonian chords had been studied on 
various occasions in symplectic topology (see e.g. pi 155]). 

Theorem 11.101 has a flavor of the following well-known phenomenon in sym- 
plectic dynamics: For a suitably chosen pair of subsets Yq and Yi of a symplectic 
manifold the condition minyj F — maxy^ F > C yields existence of a periodic 
orbit of the Hamiltonian flow of F with some interesting properties provided G 
is large enough, see [251 IHl 13 ■ Theorem 11.101 extends this phenomenon to the 
case of non-closed orbits, i.e. Hamiltonian chords. 

It turns out that the bound on the time-length of a Hamiltonian chord given 
in Theorem 11.101 is sharp in the following sense. Given two disjoint compact 
subsets Xq.Xi of M and a Hamiltonian G G G^{M), denote by T(Xo,Xi;G) 
the minimal time-length of a Hamiltonian chord of G which connects Xq and 
Xi. (Here we set inf := +oo.) Put 

T(Xo,Xi,Yo,Yi)-sup{r(Xo,Xi;G):GGC,°°(Af), G|y„ < 0, G|y, > 1 }. 
Theorem 1.11. 

pbi{Xo, Xi, Yo, Yi) = T(Xo, Xi, Yo, Yi)-i. 

The proof will be given in Section 21 This result can be considered as a dy- 
namical interpretation of the invariant pbj^. It immediately yields Theorem ll.lOl 

Let us pass to the case of Hamiltonian chords for non-autonomous flows. We 
shall need the following notion. 
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Stabilization: Identify the cotangent bundle T*S'^ with the cyhnder K x 5^ 
equipped with the coordinates r and 9 (mod 1) and the standard symplectic form 
dr A dd. Denote by C T*S^, < i? < oo, the annulus {|r| < R}. Given a 
compact subset X of a symplectic manifold {M,lu), define its R- stabilization 

stab/jX -.^ X X C [M X Kr, uj + dr A dO), 

where is identified with the zero section {r — Q}. We shall abbreviate stabX 
for staboo-'^'- 

Theorem 1.12. Let Xq, Xi,Yq^Yi d AI be a quadruple of compact sets with 
n Xi = Fo n Fi = and 

pb4{stabjiXo, stabjiXi, stabpY^, stabjiYi) = p > 

for some R € (1; +oo]. Let G G C^{M x S^) he a (non-autonomous) l-periodic 
Hamiltonian with Gt\Yo < 0, Gt\Yi > 1 for all t £ and 

maxG-minG < i? (13) 

generating a Hamiltonian flow gt- Then there exists a point x G M and time 
moments tQ,ti G R with \to — ti\ < 1/p such that gt^x G Xq and gt^x G Xi. 

The proof will be given in Section U) Exactly as in the autonomous case, 
the curve {gtx}, t G [toi^i], is called a Hamiltonian chord passing through Xq 
and Xi . We refer to Remark 14.71 below for a comparison of the bounds on 
the time- length of Hamiltonian chords given by Theorem ll.lOl fthe autonomous 
case) and Theorem ll.121 fthe non-autonomous case). 

Here is a sample application of our theory. Consider a compact domain 
V C T*T" whose interior contains the zero section T". Fix a pair of distinct 
points go, gi e T" and put A = T*, T" n V. 

Theorem 1.13. Let G : y x 5^ — > K &e a Hamiltonian which vanishes near 
dV X and which is > 1 on T" x . Then there exists a Hamiltonian chord 
of the Hamiltonian flow of G passing through Dq and Di. 

The proof is given in Section [1.51 below. As an illustration, assume that the 
torus T" is equipped with a Riemannian metric and = {|p| < 1}, where (p, q) 
are canonical coordinates on T*T". Suppose that the Hamiltonian G has the 
form u(|p|), where u{s) vanishes for s close to 1 and u(0) = 1. Then the projec- 
tion of the Hamiltonian chord provided by Theoreni ll.l3l is a (reparameterized) 
Riemannian geodesic segment joining the points and qi. Theorem 1 1 . 1 31 re- 
sembles the one of [7] where under similar assumptions the authors proved the 
existence of closed trajectories imitating closed geodesies on the torus. The ap- 
proach of was based on relative symplectic homology. It would be interesting 
to find its footprints in our context. It would be also interesting to compare our 
approach with the one of Merry [33] who detects Hamiltonian chords by using 
a Lagrangian version of Rabinowitz Floer homology. 
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1.5 Poisson bracket invariants and symplectic quasi-states 

Now we turn to a discussion of methods for establishing lower bounds (and, 
in particular, the positivity) for the Poisson bracket invariants of certain triples 
and quadruples of compact subsets of a symplectic manifold. The first method 
is based on the theory of symplectic quasi-states and quasi-measures. 
In this section we assume that (Af^",cj) is a closed connected sym- 
plectic manifold. 

Denote by C(M) the space of the continuous functions on M. A symplectic 
quasi-state [13] is a functional C, : C{M) — >■ R which satisfies the following 
axioms: 

(Normalization) (^(1) ~ 1; 
(Positivity) C{F) > provided F > 0; 

(Quasi-linearity) ( is linear on every Poisson-commutative subspace of C{M). 

Here we say that two continuous functions F,G ^ C{M) Poisson-commute if 
there exist sequences of smooth functions {Fi\ and {Gi\ which uniformly con- 
verge to F and G respectively so that Gi}\\ — )• as i — >■ -|-oo. This notion 
is well-defined due to the C°-robustness of the Poisson bracket, see Section [TTT] 
above. 

Recall that a quasi-measure associated to a quasi-state ^ is a set-function 
whose value on a closed subset X equals, roughly speaking, C(xx), where xx 
is the indicator function of X (see e.g. [IS]). A closed subset X C Af is 
called superheavy with respect to C if '''{X) = 1. Equivalently, X is superheavy 
whenever C,{F) > c for any F with F\x > c, and hence automatically C(^) ^ c 
for any F with F\x < c, see [T5] . 

We say that a symplectic quasi-state C satisfies the FB-inequality (with "PB" 
standing for the "Poisson brackets"), if there exists K = K{M,uj) > so that 

\C{F + G) - C(^^) - C(G)| < VK\\{F:G}\\ VF, G e C{M). (14) 

Here \ \{F, G}\ \ for continuous functions F,G E G{M) is understood in the sense 
of ©. 

At present we know a variety of examples of symplectic manifolds admitting 
symplectic quasi-states which satisfy the PB-inequality, as well as plenty of 
examples of superheavy subsets [TS], [H], [31], [IS], [IS] . 

Example 1.14. The complex projective space CP" equipped with the stan- 
dard Fubini-Study symplectic form admits a symplectic quasi-state satisfying 
PB-inequality. Its superheavy subsets include certain monotone Lagrangian sub- 
manifolds such as the Clifford torus and the real projective space RP", as well 
as certain singular subsets such as a codimension-1 skeleton of a sufficiently fine 
triangulation. Any product of CP"'s with the split symplectic form also admits 
such a quasi-state, and the product of superheavy sets is again superheavy. 
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For M of dimension higher than 2 the only currently known construction 
of such quasi-states is based on the Hamiltonian Floer theory and works under 
the assumption that the quantum homology algebra Q-ff* [M) of M splits as an 
algebra into a direct sum so that one of the summands is a field (see [13], [3S])- 
Such quasi-states automatically satisfy the PB-inequality (see [H]). 

Theorem 1.15. Assume that a closed symplectic manifold (M, w) admits a 
symplectic quasi-state C which satisfies PB-inequality (|14p with a constant K . 

(i) Let X,Y, Z C M he a triple of superheavy closed sets with X r\Y C\ Z = ^. 
Then 

ph{X,Y,Z)>^. (15) 

(ii) Let Xq, Xi^Yq^Yi <Z M be a quadruple of closed subsets such that 

Xo n = Fo n Yi = 0. 

// Xo U lo, ^0 U Xi , Xi U Yi , Yi U Xq are all superheavy, then 

pbi{Xo,XuYo,Yi)>^. (16) 

Lf Xq U Iqj Yq U Xi, Yi are all superheavy (this condition is stronger than 
the previous one), then 

p64(Xo,Xi,Yo,Yi)> (17) 

Proof. The theorem follows immediately from the formalism described above 
(cf. tlSj, Theorem 1.7): To prove (i), assume that F\x < 0, G\y < 0, F + G\z > 
1. By the superheaviness, ((F) < 0, C(G) < and ({F + G) > 1. Applying 
PB-inequality (HH) we get ((T5|) . 

Let us pass to the proof of (ii). Assume Xq U Yq, Yq U Xi, Xi U Yi, Yi U Xq 
are all superheavy. By Proposition II .3r ii) . it suffices to find a lower bound on 
a := ||{F,G}|| for pairs (F, G) S J-^(Xo, Xi, Yq, Yi). Put 

ui = FG, U2 = G(l - F), U3 = {1- F){1 - G), U4 = F{1 - G). 

These functions vanish on the superheavy sets Xq U Yq , Yq U Xi , Xi U Yi , Yi U Xq 
respectively and hence C("i) = for all i. Also note that ~ ^- 

other hand, 

\\{u2.u,}\\ = ||{G(1 - F), (1 - G)(l - ^^)}|| = 11(1 - F){F,G}\\ < a, 

\\{u2+us,Ui}\\ = ||{1- ^^,^1 - G)}|| = \\F{F,G}\\ < a. 
Together with PB-inequality ([T4l) this yields 

|C(«2 +U3)\^ \C{U2 + U3) - C{U2) - C(W3)| < VkV\\{u2,U3}\\ < , 
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|C("2 +U3+ Ui) - C{U2 + Ms) - C(m4)| < VKy/\\{u2+U3,U4}\\ < . 

Using the equality {ui, M2 + U3 + U4} = {ui, 1 — mi} = we get 

1 = |C(ui + {U2 + U3 + U4))| = \({U2 +U3+ M4)| < 

< |C(m2 +U3)\ + VK\\{u2 + U3,U4}\\ < 24aK. 

Thus a > l/iAK) which proves 

Now assume Xq UYq,YoU Xi,Yi are aU superheavy. Then part (i), together 
with inequahty (1311) below comparing pb^ and pb^ , imply 

pbi{Xo,Xi,Yo,Yi)>pb3{XoUYo,XiUYo,Yi) > 1/K, 

that is (mi. □ 



Example 1.16. A big circle of S'^ (or, in other words, a Clifford torus of CP^) 
is superheavy. This yields the positivity of pb^ in Example 11.11 above. 



Let us discuss some applications of Theorem II. 151 to the existence of Hamil- 
tonian chords. In order to formulate them we need the following notion. Con- 
sider the sphere equipped with an area form a of total area 1. Denote by 
E the equator of S'^. Let C be a symplectic quasi-state on M satisfying PB- 
inequality. We say that ( is 5*^ -stable if for every c > the symplectic manifold 
{M X S^,uj + ca) admits a symplectic quasi-state (c which satisfies PB-inequality 
and such that Z x E is Cc-superheavy for every superheavy subset Z C M. The 
quasi-states associated to field factors of quantum homology are known to be 
S'^-stable [TF. In part (ii) of the next corollary superheaviness is con- 
sidered vifith respect to a 5^-stable quasi-state on (A/, oj). 

Corollary 1.17. Let Xq, Xi,Y(),Yi d M be a quadruple of compact sets such 
that XoHXi = YoHYi = and the sets XqUYo^YoU Xi, XiUYi,YiU Xq are all 
superheavy. Let G G C^{M x S^) be a 1-periodic Hamiltonian with Gt\Yo ^ 0, 
Gt\Yi > 1 for all t G . Then there exists a point x G M and time moments 
to,ti e R so that gtgX € Xq and gt^x G Xi. Furthermore, 

(i) If G is autonomous, \to — ti\ < . If in addition Yi is super-heavy, 
\to-ti\ < K. 

(ii) If G is non- autonomous, |to < C , where the constant G depends only 
on the symplectic quasi-state C, and on the oscillation max G — min G of 
the Hamiltonian G. 

Part (i) is an immediate consequence of Theorem ll.lSf ii) combined with 
Theorem 11.101 Part (ii) can be deduced from Theorems ILlSf ii) and I1.12[ see 
Section |4] below for the proof and for more information on C. 
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Example 1.18. Let M = 5^ x . . . x S'^ be the product of n copies of equipped 
with the spht symplectic structure lu — a(B ■ . -(Bcr, where J^a a = 1. Denote by 
{xi,yi,Zi) the EucHdean coordinates and by {zi,(j)i) the cyhndrical coordinates 
on the i-th copy of the sphere {i = 1,2), where 4^ is the polar angle in the 
yi)-plane. Define the following subsets in the i-th factor: Fix a G (0; 1/2) so 
that the cr-area of the set i3i = {|zi| > a} is greater than 1/2. Define an annulus 
= {\zi\ < a}. Write Ei for the equator {zi = 0} and Cf for the segment 

= 9}r\Ai. 

Define the following subsets of M: 

Yo = M\Yl Intcrior(^,), Yi=1[E,. 

For w = (6*1, ... , 6l„) e M'V27rZ" denote C" = Jl C'f* ■ Put = C^ Xi = C"", 
where v,w are two distinct points in ]R"/27rZ". 

We claim that the quadruple Xq, Yq,Xi,Yi satisfies the assumptions of The- 
orem 11.151 The argument uses basic criteria of superheaviness for which we 
refer to [TS]. The set Yi is the Clifford torus in M and thus superheavy. Let us 
check that Xq U Yq is superheavy. Note that 

YliB.UCf^) cYoUXo. 

But Bi U Cf is the complement to an open disc of area < 1/2 and hence su- 
perheavy in S^. Since the product of superheavy sets is again superheavy, we 
conclude that XqUYq is superheavy. Analogously, XiUYq is superheavy. Thus, 
XqUYo, XiUYq and Yi are superheavy and therefore, by Theorem I1.15( n). 
pbiiXo,Xi,Yo,Yi) > 1/K. 

As we shall see right now, Theorem ll.l3l can be easily reduced to the situation 
analyzed in the previous example. 

Proof of Theorem 11.131 We use the notations of Example 11.181 Identify the 
interior of YI with a neighborhood W of the zero section in T*T" so that the 
zero section corresponds to the Lagrangian torus Yi and every cotangent fiber 
intersects W along the cube C" \ dC^ for some u S T". Making, if necessary, 
the rescaling (p, q) — >■ (/ip, q) with a sufficiently small /i > 0, we can assume that 
the domain V from the formulation of the theorem is contained in W . Then the 
sets Dq and Di are identified with Xq n V and Xi^^V respectively. 

Let Z be the closure of M \ V . Observe that Z U Di contains Y^VJ Xi and 
hence is superheavy. 

Take any function G : x S*^ — > R which vanishes near dV x S*^ and is > 1 
on Yi X 5*^. Extend it by zero to the whole MxS^. By CoroUarv 11.171 applied to 
the quadruple (I?o ,Di,Z,Yi), the Hamiltonian flow gt of G has a chord passing 
through Do and Di. Since gt is the identity outside V , this chord is entirely 
contained in V . The time-length of this chord admits an upper bound provided 
by Corollary [LlTl □ 
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1.6 Poisson bracket and deformations of the symplectic 
form 



In this section we present yet another approach to the positivity of the 
Poisson bracket invariants which is apphcable to certain triples and quadruples 
of (sometimes singular) Lagrangian submanifolds. Our method is based on a 
special deformation of the symplectic form on A/^" combined with the study of 
"persistent" pseudo-holomorphic curves with Lagrangian boundary conditions 

(cf. m- 



1.6.1 A lower bound 

Given two functions F,G (M) , consider the family of forms 

(jjs := Lo — sdF A dG. 

Note that 

dFAdGA = -{F, G} ■ uj'\ 
n 

Thus 

<-(l-s{F,G})a;". 
Therefore the form Wg is symplectic for all 

[0;1/||{^,G}||). 

(We set 1/||{F,G}|| = +00 if {F,G} = 0.) 

Recall that an almost complex structure J on M is said to be compatible 
with w if a;(^, Jry) is a Riemannian metric on M . Choose a generic family of 
almost complex structures J^, s G /, compatible with uj^. 

The next elementary proposition allows to relate Poisson brackets to pseudo- 
holomorphic curves: 

Proposition 1.19. Let F,G E C^{M). Assume that there exist 

• a family of almost complex structures Jg, s G /, such that each Js is 
compatible with the symplectic form — u ~ sdF A dG, 

• a family of J g-holomorphic maps Us '■ ^ M , s € I , where each is a 
compact Riemann surface with boundary and possibly with corners, 

• positive constants C I, C2, 
so that for all s E I 

I uluj < Gi (18) 

and 

[ ul{FdG)>C2. (19) 

Then \\{F,G}\\ > G2/G1. 
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Proof. Applying the Stokes theorem together with and ([TOl) we get 

0< / Kujs^ ( uluj~s [ uliFdG) < Ci - s [ uliFdG). 

Hence 

C2S < s / <{FdG) < Ci 

and thus C2S < C'l for any s e / = [0; l/||{i^, G}||). Note that ||{i^,G}|| ^ 
(since C2 is assumed to be positive) and therefore C2/||{-F', G}|| < Ci and thus 
C2/C,<\\{F,G}\\. □ 

We always apply Proposition 1 1 . 191 in the following situation. First, assume the 
pair of functions (F, G) lies in J^^{X, Y, Z) (respectively in F'^{Xo, Xi.Yq, Yi)), 
where XnrnZ = (respectively n =ybnri =0.) Put W = X\JY\JZ 
(resp. W — Xq U Xi U Yq U Yi). Observe that the 1-form FdG is necessarily 
closed in a sufficiently small neighborhood U of W . Moreover, the image of 
[FdG] in H^{W,R) under the natural morphism H^{U,M.) H'^(W,R) does 
not depend on the specific choice of {F, G). Second, assume that the boundaries 
of the curves it(I]s) lie on W. In view of this discussion, Jg^ -u*(FdG) is fully 
determined by the homology class of Us{dT,s) in Hi{W,Z). Similarly, /^^ it*w 
is determined by the relative homology class of Us{^s) in H2{M,W,Z). The 
conclusion of this discussion is that under these two assumptions inequalities 
and have purely topological nature, and hence can be easily verified. 
We will now discuss various specific cases where Proposition 11.191 can be 
applied. Before moving further let us illustrate our main idea by the following 
elementary example which does not involve any advanced machinery. 

1.6.2 Case study: quadrilaterals on surfaces 

Let (MjUj) be a symplectic surface of area B £ (0; +00]. Consider a curvi- 
linear quadrilateral IT C M of area A with sides denoted in the cyclic order 
by 01,02,03,04 - that is IT is a topological disc bounded by the union of four 
smooth embedded curves 01,02,03,04 connecting four distinct points in M in 
the cyclic order as listed here and (transversally) intersecting each other only 
at their common end-points. Our objective is to calculate/estimate the value of 
p&4(oi, 03, 02, 04). Recall from Section [1.21 that 

p&4(oi, 03, 02, 04) = ^64(01,03,04,02). (20) 

Thus without loss of generality we can assume that the orientation of 911 induced 
by the cyclic order of o^ 's coincides with the boundary orientation. 

Theorem 1.20. ^64(04, 03, 02, 04) = max(l/A, l/(i3 — A)). 
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Proof. 



Lower bound: Pick any {F,G) S J"4(ai, 03, a2, 04). Note that the quadrilat- 
eral n is J-holomorphic for any (almost) complex structure J on M compatible 
with the orientation. Also note that, by a direct calculation, ^Q^FdG = 1. 
Thus one can apply Proposition 1 1 . 191 with E = IT and get that 

||{F,G}||>1M. 

Since this is true for any {F,G) £ 7^4(01,03,02,04), we get that 

^64(01,03,02,04) > l/A. (21) 

Further, if AI is a closed surface apply Proposition 11.191 with E = M \ H. 
We get that (mind the order of sides) 

^64(01,03,04,02) > 1/(B- A). (22) 

If M is open, the surface E is not compact. However, since E is properly 
embedded and the functions F and G are compactly supported, ProDOsition ll.191 
is still applicable (after an obvious modification) and yields inequality (j^ . 

Combining inequalities ([?!]) and (1^^ with (pil)) we get that 

^64(01, 03, 02, 04) > max(l/A, 1/{B - A)). (23) 



Upper bound: Put a = \fA and choose any /3 S (a; -s/B). By Moser's theorem 
[34] . we can assume that for e > small enough M contains a square K = 
[— e;/3 + e]^ equipped with coordinates (p, g) so that the symplectic form uj is 
given by dp A dq and the quadrilateral 11 is given by [0; a]^. Define a piece- wise 
linear function u{t) so that u{t) = for i < and t > /3, u{t) = t/a ioi t G [0; a] 
and u{t) = {(3 ~ t)/{P — a) for t e [a; /?]. For J > denote by us a smoothing 
of u with Us = Q outside (0; /3), us{a) — 1 and 

Ws{t)\ < 7 := max(l/a, l/(/3 - a)) + 5. 

Take any cut-off function v oti K which is supported in the interior of K 
and equals 1 on [0;/3]^. Consider the functions F :— v{p,q)us{p) and G = 
v{p, q)us{q) which we extend by to the whole M . Note that (after an appropri- 
ate labeUing of the sides of IT) (F, G) € ^4(01,03, 02, 04) and a straightforward 
calculation shows that ||{i^, GjH < 7^. Since such F and G exist for all (3,6, 
we get that ^64(01,03,02,04) < max(l/A, 1/{B ~ A)). Together with (^5]) . this 
yields the theorem. □ 

Let us discuss now what happens with the p64-invariant for stabilizations 
of the sets 01,02,03,04. Interestingly enough, the situation is quite subtle. 
Suppose that M ^ S"^ . Let K be any exact section of T*S^. We claim that 

p64(oi X X, 03 X K, 02 X K,ai X K) > 1/A. (24) 
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Indeed, after a C^-perturbation a|,a|,a|,a4 of 01,02,03,04 we can assume 
that 

L = Oi U 03 U o^ U a| 

is a smooth embedded circle in M enclosing area A'^ . Take a split complex 
structure J on M x T* . Observe that L ^ L x K is a, Lagrangian torus in 
M X T*S^. As the deformation parameter s changes, L remains Lagrangian 
for the deformed symplectic structure = cj — sdF A dG, provided {F, G) G 
J^4(af , a|, a|, a|), but its symplectic area class alters. (By Moser's theorem 
an equivalent viewpoint is that the symplectic form on M x T*S^ is fixed, 
but L undergoes the process of a non-exact Lagrangian isotopy.) The class a := 
[Hxpoint] is the generator of tt2{MxT*S^,LxK). Thus the standard Gromov's 
theory [25] yields that for a generic deformation Jg of J as in Proposition ll.191 
there exists a pseudo-holomorphic disc in the class a (this argument breaks 
down for M = due to possible bubbling) . Therefore Proposition 11.191 with 
Ci = A'^ and C2 = 1 (the latter readily follows from the Stokes theorem) yields 

pbi{al X K,alx K.a^ x K,a\x K)> I /A". 

Passing to the limit as the size of perturbation e goes to (this procedure is 
justified in Proposition 12.11 below) we get inequality (p4|) . 

Let us emphasize that the Gromov-theoretical argument as above does not 
work for surfaces E other than discs, and, in particular, it is not applicable 
to M \ n. Thus we are unable to find the lower bound for ^64 in terms of 
\/{B — A) as it was done in the proof of Theorem 11.201 in the two-dimensional 
case. Therefore in general we do not know the exact value of 7)64 in this situation. 
However, we have the following partial result. 

Proposition 1.21. Assume that M ^ S'^ and 2A < B. Then 
pbi{ai X K,azX if, 02 x K.a^x K) — 1/A. 

Proof. This follows from 

1/ A = ^64(01, 03, 02, 04) > pb^lai X K,a3 X K, 02 x ii', 04 x K) > 1/A. 

The equality on the left is guaranteed by Theorem 11.201 and the inequality on 
the right follows from ([24]) . For the inequality in the middle which deals with 
the behavior of the Poisson bracket invariants under stabilizations we refer to 
PI)) below. □ 

The previous argument does not work for M — S"^ . However, in this case we 
have a stronger result: 

Proposition 1.22. Assume that M — S"^ . Then 

^64(01 X K,a^x K, 02 X K,ai X K) = max(l/A, 1/(_B — A)). 
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The proof based on a method of symplectic field theory is given in Section 
[6] below. 

In contrast to the previous situation, if one stabilizes each of the sets oi, 02, 
03, 04 by its own exact Lagrangian section of T*S^, a transition from rigidity 
to flexibility takes place: 

Proposition 1.23. Let Ki, . . . ^K^ be a generic quadruple of sections ofT*S^. 
Then 

pbi{ai X Ki,a3 x K^,a2 x K2,a4 x K^) = 0. 

The proof will be given in Section [71 

Remark 1.24. Let us compare the situations considered in Proposition 11.231 
and Example 11.21 Namely, just as in Example II. 2[ consider two parallels Xq 
and Xi and two meridians Yq and Yi on a two-dimensional torus T^. They 
divide into four squares. Pick three of the squares, attach a handle to each 
of them and call the obtained genus-4 surface M. Denote the remaining 4-th 
square by H, its area by A and its sides by ai C Xq, 02 C Fq, 03 C Xi, 04 C Yi 
(similarly to Example ll.6.21) . Equip M with an area form w. Theorem 1 1 . 201 and 
monotonicity of pb4 with respect to inclusions of sets (see ([^ below) yield 

pb4{Xo,Xi,Yo,Yi) > ^64(01,03,02,04) > l/A > 0. 

Furthermore, if K is an exact section of T*S^ then by ((24t 

pb4{Xo xK,XiX K, Yo x K,YiX K) > pbi{ai xK^a^x K, 02 x K^a^x K) > l/A. 

However, if Ki, . . . , K4 a generic quadruple of exact sections of T*S^, then, 
according to Proposition 11.231 

p64(ai X ^^1,03 X K3,a2 x ^^2,04 x K4) = 0, 

while, on the other hand, 

pbiiXo X X K3,Yo X K2,Yi x K4) > 0. 

The latter claim follows from Remark 15 . 71 below which will be proved by means 
of "persistent" pseudo-holomorphic curves coming from operations in Donald- 
son-Fukaya category. We present this technique right away in the next section. 

1.7 Poisson bracket invariants and Lagrangian Floer ho- 
mology 

Recall that a Lagrangian submanifold i C M is called monotone if there 
exists a positive monotonicity constant k > so that uj{A) = k ■ mL{A) for 
every A € tt2{M,L). Here niL ■ tt2{M,L) ^ Z is the Maslov class of L. 



19 



Suppose for a moment that w(-B) 7^ for some B G 7T2iM). Write B' for 
the image of B in 7r2(M, L). Then 

uj{B) = uj{B') = KTTiLiB') = 2kci{B) , 

where ci is the first Chern class of TM. Thus k — io{B) / {2ci{B)). In particular, 
in this case the monotonicity constant k does not depend on the monotone 
Lagrangian submanifold L. 

When ci and uj vanish on 7r2(M) but and tu do not vanish on 7r2(M, i) 
and are positively proportional, the monotonicity constant k of i may depend 
on L (think of circles of different radii in the plane). 

Finally, if both and uj vanish on 7r2(M, L), the monotonicity constant of 
L is not defined uniquely: every k > does the job (think of a meridian of the 
two-torus) . 

In what follows we deal with monotone Lagrangian submanifolds of a sym- 
plectic manifold (A/, w). We shall study collections C = {Lo,Li, . . . ,Lk-i) of 
Lagrangian submanifolds in M in general position satisfying the following topo- 
logical condition. Consider the set Tk of homotopy classes of fc-gons in M whose 
sides (in the natural cyclic order) lie, respectively, in Lq, Li, . . . , Lk-i- For every 
class a G Tk denote by m{a) its Maslov index and by uj{a) its symplectic area. 
We say that C is of finite type if for every N G 

A{Lo, . . . , Lk-i;N) := sup{a;(a) -.aeTk, m{a) ^ N} < +00. (25) 

Here we put sup0 := —00. 

Example 1.25. Four curves on a genus-4 surface M as in Example 11.21 form 
a collection of finite type (cf. [H]). Indeed, recall that M was obtained by 
attaching three handles to the torus . Passing to the abelian cover M of M 
associated to the universal cover of , we see that up to the action of the group 
of deck transformations and, up to a change of the orientation, there is a 
unique homotopy class of quadrilaterals in M with boundaries on the lifts of 
our curves. This yields the finite type condition for the curves. At the same 
time the quadruple of circles on the torus (see Example ll.2|) is not of finite type: 
passing to the universal cover of we see that there exist index-2 squares of 
arbitrarily large area with boundaries on the lifts of our curves (see Remark 15. 81 
for a further discussion). 

Another class of examples is as follows. 

Proposition 1.26. Assume that all Li 's have the same monotonicity constant 
and the morphism ■ni{Li) — > ■ni{M) has a finite image for every i. Then the 
collection C is of finite type. 

The proof is given in Section 15.41 In what follows we deal only with collec- 
tions of finite type. 
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The main results of this section involve Floer theory of monotone Lagrangian 
submanifolds. We write HF{Lq, Li) for the Lagrangian Floer homology and de- 
note by /^'^ the operations in (Donaldson- )Fukaya category. We refer to Section[5] 
for preliminaries. 

Theorem 1.27. Let Lq, Li, L2, Lq n Li n L2 = 0, be a finite type collection of 
closed Lagrangian submanifolds of M^"" . Assume that the product 

: HF{Lo, Li) ® is) ^ HF{L„, L2) 

is well-defined, invariant under exact Lagrangian isotopies and does not vanish. 
Then ^ 

pb3{La,Li,L2) > — — — - — 

2A{Lq, Li, L2; 2n) 

The proof will be given further in this section. 



Example 1.28. Let L be a closed connected manifold with a finite fundamental 
group and let M T*L be equipped with the standard symplectic structure. 
Identify L with the zero section of T*L. The group HF{L, L) and the product 
on it are non-trivial: HF{L, L) is isomorphic to the singular homology of L 
[20] . Under this isomorphism the product in the Floer homology corresponds 
to the classical intersection product in the singular homology of L [35]. Thus 
pb3{Lo,Li,L2) > for three exact sections of T*L in general position. 



Example 1.29. Let M :— x be equipped with the symplectic structure 
ui(Bui, where w is an area form on S"^. Let L :— {{x, —x) G S"^ x S^} be the anti- 
diagonal. It is a Lagrangian sphere. The group HF{L, L) and the product on it 
are non-trivial - one should just recall that (S*^ x 5*^, wQw) is symplectomorphic 
to a quadric in CP'^ with the symplectic structure induced by the Fubini-Study 
form and apply [B], Theorem 2.3.4 and Remark 2.2.1. Thus pb3{LQ, Li, L2) > 
for three generic images of L under Hamiltonian isotopies. 

A more sophisticated example where L^s are Lagrangian spheres and the 
triangle product is non-trivial is given in Section [5.81 below. 

Assume now that we have a finite type collection Lq, Li, L2, L^ C M^" of 
Lagrangian submanifolds such that 

Lo n L2 = Xi n L3 = 0. (26) 

Assuming that the Lagrangian Floer homology groups HF{Li, Lj) are well- 
defined, one can define the /i^-operation in the Donaldson-Fukaya category: 

: HF{La, Li) ® i/F(Li, L2) ® HF{L2, L3) ^ i/P(Lo, L3), 

provided it is well-defined on the chain level. For such a collection of Lagrangian 
submanifolds we have the following result. 
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Theorem 1.30. Assume that the operation is well-defined, invariant under 
exact Lagrangian isotopies preserving the intersection condition (j26p and does 
not vanish. Then 

ph{Lo, £2, Li, L3) > lM(io, Li,L2, L3; 3n ~ 1). (27) 



For the proof see Section 15.71 This theorem is apphcable, for instance, to 
the quadruple of curves on the genus-4 surface from Example 11.21 and their 
stabilizations. More sophisticated examples in which does not vanish were 
found by Smith in [15] . 

In Section 15.71 below we discuss an extension of the lower bounds on the 
Poisson bracket invariants provided by Theorems 11.271 and 1 1 . 301 to stabilizations 
of collections of Lagrangian submanifolds. In view of Theorem 1 1.12[ such non- 
trivial lower bounds on pb^ for the stabilized Lagrangian submanifolds yield the 
existence of Hamiltonian chords for non-autonomous Hamiltonian flows. 

Let us prove Theorem 11.271 skipping some technicalities and preliminaries on 
the operations in Lagrangian Floer homology which will be given in Section [5. 71 
below. 



Proof of Theorem ll.27i We follow the strategy described in Section 11.61 
above: Take a pair of functions {F, G) G F!^{Li^, Li, ^2) and consider the defor- 
mation of the symplectic form uj given by 

Us '■= io — sdF A dG, 

where s E I := [0; 1/||{F, G}||). Observe that LUg is cohomologous to u and, 
moreover, Ws and uj represent the same relative cohomology classes in H^(M, Li), 
i = 0,1,2. Thus, by Moser's theorem [34^, there exists an ambient isotopy 
fs '■ M — ^ M with f*(-Os — u}. Furthermor^j, :— f^^{Li) is an exact iso- 
topy of L° = Li. Thus the product in the Lagrangian Floer homology does not 
change with s. 

Choose a generic family of almost complex structures Jg, s G /, compatible 
with uJs- The non- vanishing of the product in the Lagrangian Floer homology 
guarantees that for every s e / there exists a Js-holomorphic triangle, say S, 
whose i-th side lies on Li for i = 0,1, 2. The dimension of the moduli space of 
such triangles equals m(I]) — 2n = (see (j43|) below) and thus the finite type 
condition ([^5)) guarantees that lo{Y,) < A with A — A{Lq, Li, L2;2n). Observe 
that, by the Stokes formula, Jg^^FdC = 1/2. Hence Proposition 11.191 vields 



ll{^,G}||> 

and therefore 



1 

2A 



pb3{Lo,Li,L3) > 



2A 



''Warning: in general there is no ambient Hamiltonian isotopy of M taking Li to L| for all 
i simultaneously! 
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Organization of the paper. In Section [5] we discuss basic properties of the 
Poisson bracket invariants. 

In Section [3] we prove the resuhs on symplectic approximation stated in 
Section [TT3l above and discuss a generahzation of Theorem II .41 (ii) to the case of 
iterated Poisson brackets. 

In Section 2] we estabhsh the existence of Hamihonian chords (see Sec- 
tion [T^l) and discuss more examples and apphcations. 

In Section [5] we give prehminaries on Lagrangian Floer homology and oper- 
ations in Donaldson-Fukaya category. We use them for the proof of the results 
stated in Section [TTTl above. 

In Section [5] we apply symplectic field theory to calculation of the Poisson 
bracket invariant for a stabilized quadrilateral on the two-sphere. 

In Section [7] we present a sufficient condition for the vanishing of the Poisson 
bracket invariants. 

In Section [8] we formulate various open problems and outline directions of 
further study. We present connections to control theory, speculate on an exten- 
sion of the Poisson bracket invariants to fc-tuples of sets for /c > 4 and continue 
the discussion on vanishing of pb^ and pb^. 

2 Preliminaries on Poisson bracket invariants 

2.1 Definitions and notations 

Let (M'^^jLu) be a connected symplectic manifold (either open or closed). 
We use the following sign conventions in the definitions of a Hamiltonian vector 
field and the Poisson bracket on M: the Hamiltonian vector field sgradF of a 
Hamiltonian F is defined by 

«sgradFW — —dF 

and the Poisson bracket of two Hamiltonians F, G is given by 

{F,G} := w(sgradG,sgradi^) = dF(sgradG) = -dG(sgradF) = 

— LsgrndcF = — isgradFG. 

Let X — {Xi, . . . ,Xk) be an ordered collection of k compact subsets of a 
symplectic manifold {M,uj). In what follows pb{X) stands for pb3{Xi, X2, X^) 
if fc = 3 and for pb4{Xi, X2, X3, X4) if fc = 4. Furthermore, we write pb{X; M) 
whenever we wish to emphasize dependence of the Poisson bracket invariants 
on the ambient symplectic manifold M . 

Let X and y be two collections as above (with the same k). We say that 
X <Z y \i Xi <zYi for all i. Given a compact subset F of a manifold TV, we put 

A" X y := (Xi X y,...,Xfc X r). 



23 



Let us say that a sequence of subsets X^^'> of M converges to a limit set Y 
if every open neighborhood of Y contains all but a finite number of sets from 
the sequence. This is denoted by X'^' Y. Given collections X^^^ and y, we 
write A'(J) 3^ if X^^^ ^ Y, for alH = 1, . . . , fc. 

2.2 Basic properties of Poisson bracket invariants 

All the properties listed below (except the last one) readily follow from the 
definitions and Proposition 1 1.31 

Semi-continuity: 

Proposition 2.1. Suppose that a sequence of collections X'^^^ of k — 3 or 4: 
ordered subsets of a symplectic manifold converges to a collection y. Then 

limsupp6(A'(^)) <pb{y). 

Behavior under symplectic embeddings: Assume that (M, w) and {N,a) 
are symplectic manifolds of the same dimension. Let (f> : M ^ N he a symplectic 
embedding. Let X and y be collections of k ordered subsets of M and TV 
respectively with 4'{X) D y. Then 

pbiX;M)>pb{y;N). (28) 

In particular, if X,y are collections of k ordered subsets of M, then 

XDy =^ pb{x) > pb{y). (29) 

Behavior under products: Suppose that M and N are connected symplectic 
manifolds. Equip M x N with the product symplectic form. Let A C be a 
compact subset. Then for every collection A' of fc = 3 or 4 compact subsets of 
M 

pb{X, M) > pb{X X A, M X A^). (30) 

Comparing pb^ and p&4: The invariants ^63 and p&4 are related by the follow- 
ing inequality. 

Proposition 2.2. Let Xq, Xi, X2, X3 C M be compact subsets such that 

Xo n = ATi n X3 = 0. 

Then 

pbiiXa,X2,Xi,X3)> max pb3{X,UX,+i,X,+iUX,+2,X,+3), (31) 

i— 0,1,2,3 

where all the indices are taken modulo 4. 
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Combining inequality (1311) with monotonicity property (j29p we get that 

pbi{Xo,X2.Xi,X3)>pb3{XQ,Xi,X2UX3). (32) 



Expansion property: 

Proposition 2.3. Consider a quadruple of compact subsets Xq, Xi, Yq, Yi C M 
such that Xq D Xi ~ YqHYi =0. Let A (IYq be a compact subset disjoint from 
Xi . Then 



The proof is given below in Section 12.31 

2.3 Proofs of the basic properties of pb^ and ^64 
Proof of Proposition (TTHKi)- 

Lemma 2.4. Denote by A C R^(s, t) the triangle s > 0,t > 0, s + t < 1. Then 
for every k > there exists a smooth map T = {Ti,T2) : R^(s,t) — > A and 

6 = S{k) > so that 

• liniK^o'5(K) = 0, 

• T maps {s < 6} to {s = 0}, {t < 6} to {t ^ 0}, {s + t > 1 - 6} to 

{s + t = l}, 

• ||{ri,T2}|| < 1 + K. (The Poisson bracket {Ti,T2\ is taken with respect 
to the standard area form on 

Proof. Take K > 1. Set (5 = 1 — -^. Let A' be the triangle bounded by the lines 
= {s = 5}, l'^ = {t = 6} aivdl'^ = {s + t = l- 5}. The desired map T will be 
obtained as a perturbation of a piece-wise projective map — )• A' presented 
on Figure [31 Denote by a'j,a2,a3 the sides of A' lying on Z'i,^2:^3 respectively, 
and by v'i,V2,v''^ the opposite vertices. The lines ^'1,^21^3 divide the plane into 

7 closed domains: A', 3 exterior angles A{v[) corresponding to the vertices v[ 
and 3 unbounded domains D{a[), so that D{a[) has the side a[ as a part of its 
boundary. 

Pick a vertex v[ . Introduce polar coordinates (r, 6) on the plane so that 
v[ is the center of the coordinate system. When a point x runs through the 
straight line l[, the value of 9(x) runs through an open interval in - denote 
it by Ji C S^. For any 9 € Ji denote by Ri{9) the distance between v[ and 
the intersection point of l[ with the ray from v[ having the angle 9 (note that 
Ri{9) — )• +00 as 9 approaches an end-point of Ji). Let V '■ (0; -l-oo) — )• R 
be a smooth function so that < ^''{t) < K ioT t G (0;-|-oo), ijj{t) = t for 
t e (0;l/2), ipit) = 1 for i e [l;+oo). In particular, ipit) < Kt. Define 
0i : (0; +00) X S*! ^ (0; +00) by 



pb^iXoii A,Xi,Yo,Yi) ^ pb4{Xo,Xi,Yo,Yi). 



(33) 
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An easy check shows that (pi is a smooth function. We have (r, 9) < K and 
(j)^{r,e) < Kr for (r, 61) £ (0; +c») x . Define : ^ by $,(r,6') = 
((/),(r,6'),6') for (r, 6*) e (0; +oo) x 5\ and = Then at the point {r,e) 

we have 



and hence 



^^uj^—— — {r,e)u; 
r or 



since we know that ^(r,6') < and 0,(r,6') < isTr for (r, 6*) e (0; +oo) X S*^. 
The map $i maps the region D{a^) onto a^. Moreover, it maps the region 
^i^i+i) i^'^ ^^'^ cycUc numbering of vertices modufo 3) onto the ray starting 
at v'j^^i and going outwards from A' along l'^. Similarly, $j maps the region 
A{v^^2) onto the ray starting at v^j^2 ^^'^ going outwards from A' along l'^. 
Consider an affine map * : ^ k2 defined by 



s-S t-5 



1-5' 1-5 



in the standard coordinates (s,t). Then ||d\E'|| = K'^ . Now define T : 
by T = 5' o $1 o $2 o $3. We have \dT\ ^ , and it is easy to see that T maps 
{s < 5} to {s = 0}, {t < (5} to {t = 0}, {s + i > 1 - 5} to {s + t = 1}. Finally 
it remains to take K = -^1 + k. □ 



Put 

pb3-= inf \\{F',G'}\\. 

Clearly, pb^ < pb'^. Thus it is enough to show that pb^ > pb'^. 
Indeed, let (F, G) G TsiX, Y, Z), that is 

F\x<OMy <Q,{F + G)\z>l. 

Take T from Lemma 12.41 (with a small enough k > 0) and put 

F' ^T^{F,G),G' ^T2{F,G). 

An immediate check shows that [F' , G') £ -F^iX, Y, Z) and 

||{^^',G'}||<||{^^,G}||(1 + ^). 

Choosing k arbitrarily small and taking the infimums over {F',G') and {F,G) 
in both sides of the inequality we get that 

P&3 < pbs, 

and hence pb^ — pb'-^, as required. □ 
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Proof of Proposition [TT3](ii). Set 

pb^ := p64(Xo,Xi,yo, Yi), 
pb'^:= inf ||{i^,G}||. 

(F,G)e;^i(Xo,Xi,Yo,yi) 

Clearly, 

ph < 

so it suffices to prove that 

pbi > pb'^. (34) 
Fix e > 0. Choose {F,G) £ ^4(^0, ^1, >o, so that 

pb4>\\{F,G}\\~e. 

Fix a small enough S > and choose a smooth non-decreasing function m : M — >■ 
[0; 1] so that u{s) = for s < 5, u{s) = f for s > f - (5 and u'{s) < 1 + 26. 
Put <j) — u o F and tjj — u o G. An immediate check shows that (0, -0) € 
J"^(Xo, Xi, yo, i^i)- Now note that 

pb'i<m,m< 

<{l + 25f-\\{F,G}\\<{\ + 25f{ph, + e). 
Choosing e and 5 arbitrarily small, we get p4p which completes the proof. □ 

Proof of Proposition [273l By monotonicity, 

pbi (Xo U A, Xi , Fo , >1) > pbi (Xo , Xi , Fo , 5^1 ) • 

Let us prove the reverse inequality. Fix e > 0. By Proposition ll .Sf ii) . there exist 
functions F, G G C°°(M) with F = on Op(Xo), F = 1 on Op(Xi), G = on 
Op{Yo), G = 1 on Op(Yi), and 

p64(Xo,Xi,yo,n)> ||{FG}||-e. 

Let U C Op(yo) be a neighborhood of ^, [/ n Xi = 0. Choose a smooth cut- 
off function u : M — > [0; 1] which vanishes on A and equals 1 outside U . Put 
F' = mF. Note that 

{F' ,G} = u{F,G} + F{u,G}. 

If X € [/, the function G is constant near x and hence {F', G} = {F, G} — 0. 
If a; ^ [/, we have tt = 1 near x and hence again {F',G} = {F, G}. Thus 
{F', G} = {F, G} everywhere and therefore, since F' = on Xq U A and F' = 1 
on Xi, we get that 

pbi{X^\jA,XuY^,Yi) < \\{F',G}\\ = ||{F,G}|| <p64(^o,^i,i"o,>^i)+e. 

Since this holds for every e > 0, we get that 

pbiiXo U A, Xi,Yo, Yi) < pbiiXo, Xi,Yo,Yi) 

which completes the proof. □ 
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3 Symplectic approximation 

In this section we prove the resuhs on symplectic approximation stated in 
Section 11.31 

3.1 The Lipschitz property of the function spF,G 

Proof of Proposition [TT6l Fix c > 0. Then for any e > there exist F',G' 
such that ||{F',G"}|| s; c and ||F - F'\\ + \\G - G'\\ < PFfi{c) + e. Take any 
< A < 1 and denote Fi = AF', d = G'. Then (i^i, Gi) e K^c, and we have 

||F - Fill + ||G - Gill = ||F - AF'II + ||G - G'|| ^ 

||F~F'|| + (1-A)||F'|| + ||G-G'|| <pj.,G(c) + e + (l-A)||F'|| 

^ Pf,g{c) + £ + (!- A)||F' - F|| + (1 - A)||F|| 

< Pf,g(c) + € + {!- X)pf,g{c) + (1 - A)e + (1 - A)||F|| ^ 

Pf,g{c) + e + (1 - A)||F|| + (1 - A)e + (1 - A)||F|| = 

= Pkg(c) +2||F||(1- A) + (2 -A)e. 

Therefore Pf,g{>^c) < Pf,g{c) + 2||F||(1 - A) + (2 - A)e. This is true for any 
e > 0, hence PfM^c) Pf.g{c) + 2||F||(1 - A). Therefore 

|Acpf,g(Ac) - cp_f,g(c)| ^ |Acp_f,g(Ac) - cpf,g(Ac)| + |cp_f,g(Ac) - cp_f,g(c)| = 

= /3_f,g(Ac)|Ac - c| + c(pf,g(Ac) - Pf,g{c)) < 
s;||F||(c-Ac) + 2c||F||(l-A) = 
= 3||F||(c- Ac). 

This is true for any c > 0, 1 > A > 0. Therefore the function s i— > spf,g{s) 
is Lipschitz on (0; +oo) with the Lipschitz constant 3||F||. Since pf,g = PG,f, 
the same property is true with the Lipschitz constant 3||G|| which finishes the 
proof □ 



3.2 The profile function and Poisson bracket invariants 

Proof of Theorem ll.4l fii). Assume, without loss of generality, that < F < 
1. Choose H S C^{M) such that iJ = 1/2 on the union of the supports of F 
and G and < i? < 1/2. Then {H, G} = and 

Pf,g(0) < d((F, G), {H, G))^\\F-H\\< 1/2. 

Therefore, as soon as we prove ([9]) and (fTO|) . we would get pf,g{0) = 1/2- 
Furthermore, for any t e [0, 1] wc have \\{tF + (1 - t)H, G}\\ = \\{tF, G}\\ and 
therefore the pair {tF + {1 - t)H,G) lies in /Ct||{F,G}||- Thus pF,G(t||{^', G}||) < 
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d{{F,G),{tF+{l^t)H,G)) = {l~t)\\F~H\\ < l/2-t/2. Setting s := G}|| 
we get pf,g(s)< 1/2 - s/(2||{F, GjH), that is ^. 
Thus it remains to prove inequahties © and ((H 



The case {F, G) e Y, Z): 

Fix s £ [0;p). Suppose that /9f,g(s) < 1/2 (otherwise © follows automatically). 
Take any 6 G (pf,g(s), 1/2). ' Take (^T, i^) e J" = C;?°(M) x G^{M) with 
d{{F,G),{H,K)) < 6 and 

ll{^,^}||<5- 

Put 

a := := ||G-ii:||. 

Thus a + /3 < (5. Furthermore, 

H\x < a, K\y <P,{H + K)\z>1-S. 

Set 



1-25' " 1-25' 
Then 

HiU<0, Xi|i'<0, {Hi+Ki)\z>l. 

Note that, unlike and K , the functions i/i, Ki are not necessarily compactly 
supported but are constant outside a compact set (if M is not closed). Pick a 
smooth compactly supported function u : M — [0; 1] so that u = 1 on an open 
neighborhood of XUFUZUsuppi/UsuppX. Set H2 uHi, K2 := uKi. An 
easy check shows that 

\\{H2,K2}\\ = \\{H^,K,}\\. 
On the other hand, {H2, K2) G J' and 

H2\x < 0, K2\y < 0, (H2 + K2)\z > 1. 
Therefore, by the definition of pb^, wc have 

\\{H2,K2}\\>p^pb3iX,Y,Z). 



Note that 



[i/2,if2}|| - ||{Hi,i^i}|| - 7^^T7T7 • \\{H,K}\\ < ' 



(l-2<5)2 ' (l-2<5)2 



Thus 



and therefore 



5 > 



(1 - 25)2 
1 1 



> 



2 2VP 
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Since this is true for every S G (pf,g(s)i 1/2) we get that 

, , 1 1 
Pf,g[s) > - 



2 2^ ' ' 
as required. 

The case {F,G) £ Tl{Xo,Xi,Yo,Yi): 

Fix s e [0;p). Suppose that pf,g{s) < 1/2 (otherwise ([TU)) follows automati- 
cally). Take any 5 G (pf,g(s), 1/2). Take {H,K) e J" = C^{M) x C;?°(M) 
with d{{F, G), (iJ, i^)) < ^ and 

ll{^,^}||<^- 

Put 

a := \\F- H\IP HG-iCll. 
Thus a + /3 < (5 and, in particular, < a, /3 < (5 < 1/2. Furthermore, 

H\xo < «, i^Ui > 1 - «, K\y„ < 13, K\y, >l~f3. 



Set 



Then 



H-a K ~ /3 



Hilxo < 0,i/iUi > 1,Ki\yo < 0,Ki\y^ > 1- 
Note that, unlike H and K, the functions Hi, Ki are not necessarily compactly 
supported but are constant outside a compact set (if M is not closed). Pick 
a smooth compactly supported function u : M ^ [0; 1] so that u = 1 on an 
open neighborhood of Xq U Xi U Yq U Yi U supp H U supp K . Set H2 := uHi, 
K2 := w-f^i. An easy check shows that 

\\{H2,K2}\\ = \\{Hi,Ki}\\. 

On the other hand, {H2, K2) G J- and 

i?2Uo < 0,i/2Ui > l,if2|l^, < 0,K2\y, > 1. 

Therefore, by the definition oi pb^, we have 

\\{Hi,Ki}\\ = ||{i?2,if2}|| >P = p64(^o, ^1,5^0,^1). 

Note that 

ll{H.A,}|H^^-^-i^.||{i^,i.}||. 

Since a, /3 > and a + /3 < S, 

(1 - 2a)(l - 2/3) > 1 - 2{a + /3) + 4a/3 > 1 - 2(5. 

Thus s/(l — 26) > p and therefore 6 > 1/2 — s/ {2p). Since this is true for every 
5 G {pf,g{s), 1/2), we get that pf,g{s) > 1/2 — s/{2p) as required. □ 



31 



Remark 3.1. Theorem [T^Jii) has the fohowing generaUzation concerning iter- 
ated Poisson brackets of two functions. 

Namely, denote by Vn, N > 2, the set of Lie monomials in two variables 
of degree N (i.e. if the Lie brackets are denoted by {•, •}, the set V2 con- 
sists of {A,B}, Vs of {{A,B},A} and {{A,B},B}, and so on). For F,G € 
(C-(M), {.,•}) set 

Qn{F.G):= J2 MF^G)\\, 
peVN 

/C(^) {(F, G) e J- : Qn{F, G) < s}. 

(2) 

In particular, for = 2 we get the sets /Cg defined in Section 1.2: ICg = ICs . 
The sets /Ci^^ can be viewed as "tubular neighborhoods" of the set of Poisson- 
commuting pairs of functions on M: indeed, a symplectic version of the Landau- 
Hadamard-Kolmogorov inequality (see [T7], [TH]) implies that /Cg^^ = /Co for any 
N. Now, similarly to pf,g, define a new profile function (cf. |18)): 

:=d((^^,G),/CW). 

(2) 

In particular, for N — 2 we get the profile function pf,g studied above: Pp Q = 
Pf,g- 

It turns out that, similarly to Theorem ll.4f ii'). for certain {F,G) one can 
estimate ^^^(s) from below for small s using an analogue of ^63 for iterated 
Poisson brackets. Namely, given a triple {X, Y, Z) of compact subsets of M with 
X n y n Z = 0, define 

p&f)(X,y,Z) := M Qn{F,G), 

where the infimum is taken over J-3{X, Y, Z). 

Then the proof of Theorem II. 4( 11) can be carried over directly to the case of 
iterated Poisson brackets yielding the following claim: 

Put pn — pb^^^\x,Y, Z) and let J-^ be defined as in Section 1.3. Assume 
that ppf > 0. 

Then for every (F, G) G J-^ the profile function p^'pQ is continuous. It satis- 
fies p''^q{0) — 1/2 and 

PF,Gy'^> - 2 l/N ^ ' 

Pn 

for all s e [0;p), where C{N) > is a positive constant depending only on N. 

Let us note that a similar result for another class of pairs (F, G) (defined 
by means of a symplectic quasi-state) has been proved in |18| . It would be 
interesting to find out whether such a lower bound on the profile function is 
(asymptotically) exact. 
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It follows from [18] that pV^\X,Y,Z) > for all > 2 provided the sets 
X, Y, Z are superheavy (see Section 11.51 above) . 

One can similarly define the natural analogue pl)]^^ of the p&4-invariant in 
the context of iterated Poisson brackets, and repeat the proof of Theorem ll.4f ii') 
to get a lower bound for the generalized profile function p'pQ- However, at the 
moment we have no tools for proving the positivity of pb^^"^ in any example. 

3.3 The two-dimensional case 

In the two-dimensional case, the continuity of the profile function at readily 
follows from the following result by Zapolsky. 

Proposition 3.2 ([49]). Let {M,uj) be a closed connected 2 -dimensional sym- 
plectic manifold. Let {F,G) € J- be a pair of functions with G}|| ^ s. 
Then there exist a pair of Poisson- commuting functions (F' , G") G with 
\\F — F'W + \\G — G'W ^ C-\/s, where the constant C depends only on {M,uj). 

In other words, every almost commuting pair of functions is nearly commut- 
ing, that is it can be approximated by a commuting pair. Similar statements 
for various types of matrices and, more generally, elements of C*-algebras have 
been extensively studied - see e.g. [37] [57] and the references therein. How- 
ever, no analogue of Proposition is known for higher-dimensional symplectic 
manifolds and there might be a counterexample. 

Proof of Proposition [TTOl Fix S > small enough. Take {Fi, Gi) G /Cs with 

d((F,G),(Fi,Gi)) <pf,g(s) + <5. 
By Proposition 13. 2[ there exist Poisson-commuting functions F2 and G2 with 

d((Fi,Gi),(F2,G2)) < GVi- 
By the triangle inequality, 

Pf,g(0) <d((F,G),(F2,G2)) <pf,g(s) + CV^ + '5 
for every S > 0. This yields inequality □ 

3.4 Sharpness of the convergence rate: an example 

Proof of Theorem II. 5t 

We need to show that 

Pf,g{£) < Pf,g{Q) - Cy/e 

for some G > and any sufficiently small e (since pf,g is non- increasing, by 
choosing a smaller G we can get the inequality for any e). 
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The standard symplcctic form on the upper hemi-sphere can be expressed 
as w = '^^'^'^v _ while on the lower hemi-sphere we have oj =- d^^d-y 

Therefore, for a given pair of functions /, 3 : 5^ — >■ M, on the upper hemi-sphere 
we have 

{f{x,y),g{x,y)}s2 = yJX-x^ - y'^{f{x,y), g{x,y)}R2(^^^y), 
while on the lower hemi-sphere we have 

{f{x,y),g{x,y)}s^ = -\J\-x'^ - y'^{f{x,y),g{x,y)}^2^^^yy 
In any case we have 

\{f{x,y),9ix,y)}s2\ = \/l - a;2 - y2 |{/(a:, y), ^(a:, y)}R2(^^y) |. 

Our purpose is to find smooth functions Fi.Gi : 5^ M, depending on 
a small parameter s > 0, such that ||Fi — F|| + ||Gi — G|| ^ 1/2 ^ 0{e), 
while ||{Fi,Gi}|j ^ O(e^). We will search for functions Fi,Gi of the form 
F, = f{x\ y^), Gi = g{x^ y^), where f,g:A = {{t,s)\t,s^O,t + s^l}^R 
are smooth functions. Further on we use the notation t = x"^, s = y"^. We have 

||Fi - F\\ + ||Gi - G|| = \{f{t, s) - t\\A + Mt, s) - s|| A, 

while 

\{F,,G^}s2\ = \{fix^y'),gix^y')}s^\ 
= v/1 ~ 2;4 - y4 \{f{x^,y^),g{x^,y^)U2^,^y)\ 
= 4^1 - x^ - y4 \xy\\{f{t, s), g{t, s)}r2(,,,)| 
= 4^(1 - t2 - s^)ts |{/(t,s),.g(t,s)}R2(,,,)|. 
For our purposes it is enough to find smooth /, 3 : A — >■ M that satisfy 

\\f{t, s) - t|| A + \\g{t, s) - s\\a < 1/2 - 0{e), 

\\{f{t,s),g{t,s)U2^t,s)\\<0{e^). 

Consider new coordinates u = t— s, v = t + s. In these coordinates we have 
A = {{u,v)\0 ^ V ^ 1,—v ^ u ^ v}. We take the functions f,g to be of the 
form 

f{u,v) = 4>{v) +utlj{v), 
g{u,v) = (j){v) -utlj{v), 
for some (f), : [0, 1] — >■ M, or, in regular coordinates {t, s), 

f{t,s)^4>{t + s) + {t^s)i;{t + s), 

g{t, s) = 4>{t + s)-{t- s)'4){t + s). 
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Wc have 

{/,5}R2(t,s) = 2{/,g}R2(„^„) = 2{(/)(w) - u'0(w)}r2(„,^) 

= -4{(?!)(u),uV'(w)}r2(„,i,) = -4'(/'(t;){0(w),-u}M2(„^„) = Atp{v)(j)'{v). 
First, let us find a pair of continuous functions cf), ip, such, that 

s) ~ t|| A, s) - s|| A 1/4 - e. (35) 

The image of the corresponding map T : {s,t) i— {f{s,t),g{s,t)) consists of the 
union of a segment and a triangle attached to it, see Figure HI Because of the 
symmetry, in order to verify (j35l) it is enough to check only that ||/(t,s) — t||A ^ 
1/4-e. Wehave f{t,s)-t = f{u,v)-{u+v)/2 = (l){v)+u'ip{v)-u/2-v/2. For a 
fixed V this is a linear function of u. Recall that A = {(m, u)|0 ^ u ^ 1, —v ^ u ^ 
v}. As a conclusion, it is enough to check the inequality \f{u, v) — (u + v)/2\ = 
\(j>{v) + uip{v) — u/2 — v/2\ ^ 1/4 — e only for the cases u — v and u — —v while 
^ w ^ 1. Substituting u — v, u ^ —v we see that it is enough to check that 

\(j){v) + vil){v) -v\ 1/4 - £, 

\(j){v) - vil:{v)\ 1/4-e 
for ^ u ^ 1 . We define our continuous 0, i/' to be 

(j){v) = (1/4-e) +4ei; for v e [0;l/2], 

(f){v) = 1/4 + £ for V e [1/2; 1], 

and 

tpiv) =4eforwe [0;l/2], 
V'(w) = (1 - 4£) + -(-1/2 + 4£) for V G [1/2; 1]. 

V 

Because of our choice of the functions 0, the functions <j){v),v^{v) are linear 
on each one of intervals [0;l/2] and [1/2; 1], and hence the functions (t>{v) + 
vip{v) — V, (j>{v) — vtp{v) are linear on the intervals [0; 1/2] and [1/2; 1] as well. 
Therefore it is enough to check that 

\(l){v) + vtp{v) - i;| 1/4 - £ 

and 

\4>{v) - vij{v)\ S$ 1/4- £ 
only for v = 0, 1/2, 1. We have 

0(0) + • V(0) - = (j){0) = 1/4 - £, 

(/.(1/2) + l/2V'(l/2) - 1/2 = (1/4 + £) + 4£/2 - 1/2 = -1/4 + 3£, 
0(1) + 1 • V'(l) - 1 = (1/4 + £) + 1/2 - 1 = -1/4 + £, 
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Figure 4: The image of T: [A; E] U ABCD 
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0(0) - • -0(0) = 0(0) = 1/4 - e, 

0(1/2) - V(l/2)/2 = (1/4 + e) - 4e/2 = 1/4 - e, 

0(1) - 1 • V(l) = (1/4 + e) - 1/2 = -1/4 + e. 

In all the cases the absolute value of the result is not bigger than 1/4 — e. 
Hence we have found continuous 0, : [0; 1] — >■ K for which 

\\f{t,s)-t\\A,\\g{t,s)-s\\^ <: 1/4 -e. 

One can easily make the functions 0, ij} smooth by a sufficiently C°-small per- 
turbation so that we will still have \\f{t, s) — t||A, ||3(^: s) — s|| a ^ 1/4 — e/2, 
and, moreover, 

|0'(w)| < 4e for v G [0;l/2], 
|0'(w)| 32e2 for v e [1/2; 1], 
|0^(w)| «C 4£ for V e [0;l/2], 
\i^(v)\ 1/2 for V e [1/2; 1]. 
Then for any v € [0; 1] we have |4?/'(u)0'(u)| ^ 64e^. As a conclusion, we obtain 

||/(i, s) - ill A + ||5(i, s) - s|| A < (1/4 - e/2) + (1/4 - e/2) = 1/2 - e, 

and 

|{/,ffV(M)l = |4V'(^;)0'(^;)K 64£2 
at any point (t, s) € A. □ 



Remark 3.3. At the moment we are unable to decide whether the example con- 
structed above has a counterpart in the context of matrix algebras (for instance, 
for suiji)). 

4 Detecting Hamiltonian chords 

4.1 Proofs of the results about Hamiltonian chords 

In this section we prove Theorems 11.1111 .T^ and part (ii) of Corollarv ll.171 

Proof of Theorem 11.111 Let Xq^Xi C M be disjoint compact subsets, and 
let G be a function from C^{M). Set 

P6(Xo,Xi;G) :=inf||{F,G}||, 

where the infimum is taken over all functions F € G^(M) with F\xq < 
0,F|xi > 1, and 

P&'(Xo,Xi;G) :=inf||{^^,G}||, 
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where the infimum is taken over ah functions F <E C^{M) with F\xo = 
0,F\x, = 1. 

Put T — T{Xo, Xi; G) and let F be any smooth compactly supported func- 
tion with 

i^lxo <0,F|xi > 1. 

There exist i € {0; 1} and x Xi so that grx e Xi^i (recall that gt is the 
Hamiltonian flow of G). Thus \F(gTx) - F(x)\ > 1, which yields ||{F,G}|| > 
T-i. Therefore ^ 

Since, obviously, Pb{Xo, Xi;G) < Pb'{Xo, Xi;G), it remains to prove that 
We shall need the following lemma. 

Lemma 4.1. Let v be a smooth compactly supported vector field on M and 
Xq^Xi be a pair of disjoint compact subsets of M. Denote by gt the flow of 
V. Assume that gtXo Xi = $ for all t G [—a; a] for some a > 0. Then 
there exists a smooth compactly supported function F : M ^ [0; 1] such that 
F\xo =0,F\x, = 1 and \\L,F\\ < 1/a. 

Proof of Lemma 14. 11 Choose b > a, sufficiently close to a, so that gtXoDXi = 
for aU t £ [~b;b]. The sets 

Xo:- U gt{Xo) 

te[0;6] 

and 

X,:= y gt{X,) 

te[0;b] 

do not intersect. Take any smooth compactly supported function H : M ^ [0; 1] 
so that iJ = on Xq and iJ = 1 on Xi. Put 

1 f'' 

F - Hog, dt. 

Clearly, F has values in [0; 1], is compactly supported, F = on Xq, F = 1 on 
Xi and 

L,F = ^J^ j^Ho gt dt = ^{H o g, - H). 
It follows that < 1/6 < 1/a, and we are done. □ 

Let us return to the proof of the theorem. Put v — sgrad G. Assume on the 
contrary that 
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Thus there exists 

1 

Pb'{Xo,Xi;G) 

so that gtXo n Xi = for aU t E [—a; a]. By Lemma [4.11 there exists a smooth 
compactly supported function F : M — >• [0; 1] so that F\xo = 0,F|xi = 1 and 
||L^F|| < l/a. But LyF = {F,G} and we conclude that Pb'{Xo,Xi,Yo,Yi) < 
1/a, which means a contradiction. This completes the proof. □ 

Proof of Theorem 11.121 Choose a > so that 

max G — min G < R — a. (36) 

Let u : K — >■ [0; +oo) be a cut-off function which is equal to 1 on the interval 
[—(R—a); R—a] and whose support lies in (— i?; R). Consider a new autonomous 
compactly supported Hamiltonian 

H : M xAr^ R, {x, r, 6) ^ u{r){G{x, 9) + r) 

generating a Hamiltonian flow ht. Since H < on stahj^YQ and H > 1 on 
stab^jYi, Theorem ll.lOl guarantees existence of a point z — {y, 0, ^q) G stab^Xo 
and T G [— so that hxz € stab^Xi. 

We claim that the piece of trajectory z(t) = {hfz}, t E [0;T] is entirely 
contained in the domain = {I?'! < R— a} C M x Aj^. Indeed, assuming the 
contrary, choose r E [0;T] so that hrZ E dV. Write z{t) = {x{t),r{t),0{t)). 
We have that r(0) — and r(r) = ±(i? — a). By the energy conservation law, 
H{z{0)) = H{z{t)) and hence 

G(z(0), 61(0)) = G(z(r), 6I(t)) ± (i? - a). 

This contradicts assumption ((36|) and the claim follows. 

It follows that u{r{t)) = 1 for all t E [0;r]. Hence the projection of z{t) to 
M is a curve a of the form {geo+tgg^y}^ t & [0;^]- x — gg^y, to = Oq and 
ti = Oo + T. We see that gtgX — y E Xq and gt^x = x{T) E Xi. Thus a is a 
required Hamiltonian chord. □ 

Proof of Corollary 11.171 part (ii). Choose R > max G — min G. Identify 
the annulus Ar with the sphere of area 2R with punctured the North and 
the South Poles. Under this identification the zero section {r = 0} corresponds 
to the equator, say E, of the sphere. Thus we consider M x Ar as a domain 
in M X S*^. The latter manifold is equipped with the symplectic form uj + 2Ra, 
where a is the standard area form on of the total area 1. The S'^-stability 
of the quasi-state C on (M, w) yields a quasi-state C2R on {M x S^,uj + 2Ra). 
Denote by K2R the constant from the PB-inequality for (211- 

Assume that the sets U Fq , ^0 U , Xi U Yi , Yi U Xn are superheavy. Due 
to the S'^-stability of C, the sets 

(Xo U Yo) X E, {Yo U Xi) x E, (Xi U Yi) x E, (Yi U Xo) x E 
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are all superheavy with respect to the quasi-state C,2B.- By inequality (1^ and 
Theorem [TTSl 

p64(stab7?Xo, stabijXi, stabfl Yo, stabijYi) 

> pbi{Xfi X E,XiX E, Yq X E.Yi X E) > . 

Finally, the existence of the required Hamiltonian chord follows now from 
Theorem II .121 This finishes the proof. □ 

Remark 4.2. Note that if we assume that Yi is superheavy (and so are XqUYq 
and XiUYq), then the constant appearing in the previous proof can be improved 
from 1/{4:K2r) to 1/K2R- Indeed, by the S'^-stability of the quasi-state on 
{M,uj), the sets {Xq U Yq) x E,{Xi U Yq) x E,Yi x E are superheavy with 
respect to ^2^- Then, by (fT7|) . 

p64(stabflXo,stabflXi,stabflyo,stab_RYi) > — 

4.2 Miscellaneous remarks 

Let us make a few more remarks on the interplay between superheaviness 
and Hamiltonian chords for autonomous Hamiltonians. In this section we 
assume that M is closed. 

Remark 4.3 (Recurrence of Hamiltonian chords). Let be a smooth function 
on M. Denote its Hamiltonian flow by ft. Put Yq ^ {F < 0} and Yi ^ {F > 1}. 
A subset X is called a ballast \i X \JYi is superheavy for i = 0, 1. For instance, 
in Example 1 1 . 181 above the role of ballasts is played by the Lagrangian discs C. 

Given two ballasts Xo,Xi, denote by P C M the set of all t such that 
JtXq n Xi 7^ 0. We claim that Hamiltonian chords between Xq and Xi exhibit 
a recurrent behavior in the following sense: The set P intersects every interval 
of time- length . Indeed, since Yi are invariant under ft, the image of a ballast 
under ft is again a ballast. Take any s ^ P so that fgXa D Xi — %. Thus the 
quadruple (/sXq, Xi, Fq) ^i) satisfies the assumptions of CoroUarv ll.171 Hence 
there exists t S [—4:K;4:K] so that ft+gXQ = ftfsXo intersects Xi, and the 
claim follows. 

Remark 4.4 (Energy control). Let us follow the notations and the set-up of 
the previous example. Fix an interval / = [a; b] with < a < ^ ^ 1 and put 

= XiO F^^{I), i — 0,1, where Xi, i = 0, 1, are disjoint ballasts. 

We claim there exists a Hamiltonian chord of ft of time-length 8K/ {b — a) 
which touches both X^ and X(. 

Interestingly enough, this statement has a flavor of time-energy uncertainty: 
we have to pay for the precision of our knowledge of the energy level carrying 
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a chord by an uncertainty in our knowledge of the time interval on which the 
chord is defined. 

To prove the claim put Yq — {F < a}, ¥{ — {F > b}. One can deduce from 
Proposition 12.31 that 

Put F' = (F - a)/{b - a). Then F' < on Y,^ and F' > 1 on F/. Therefore, 
by Theorem ll.lOi the Hamiltonian flow fj. of F' admits a chord of time-length 
at most 8K touching both and X(. The claim follows from the fact that 

Remark 4.5 (Producing rigid subsets from flexible ones). Let Xq, Yq, be 
subsets of M so that Yq and Yi are disjoint, and XoUFoj^iUXq are superheavy. 
Take any Hamiltonian G such that G\yo < 0,6*1^^ > 1 and denote by gt its 
Hamiltonian flow. Put 

Z:= U gtXo. 

t£l-4K;4K] 

Theorem 11.151 implies that Z intersects every superheavy subset Xi C M and 
hence exhibits a "symplectically rigid" behavior. To illustrate this, assume in 
addition that the quasi-state C is invariant under the identity component SympQ 
of the symplectomorphism group of {M,uj): this happens in all known higher- 
dimensional examples. Let ro(M, w) := sup r(i?), where r{B) is the radius of 
a symplectically embedded open ball B G M and the supremum is taken over 
all balls B whose complement contains a superheavy subset. It follows that 
Z cannot be mapped into any symplectically embedded ball B <Z M of radius 
r < ro{M,Lu) by a diffeomorphism from SympQ. A somewhat paradoxical point 
here is that Xq itself could be absolutely "flexible", e.g. a closed Lagrangian 
disc. Of course, the Hamiltonian function G as above is quite special, hence 
there is no contradiction. 

Example 4.6. Here we present a construction of subsets Xq, Xi,Yo,Yi satis- 
fying the assumptions of Theorem II. 151 (ii). Let At, i = 1,2, 3, 4, be four closed 
superheavy subsets such that no three of them have a common point. Put 
Aij := Ai n Aj. Present each Ai as a union of closed subsets, Ai ^ BiU Ci, so 
that 

B.nc^nA.j =0Vi,j, 

and 

• A12U Ai3 c Bi, Ai4 C Ci; 

• A23U A24 C B2, A21 C C2; 

• A34 C B3, A31 U A32 C C3; 
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• A41 C B4, A42 U A43 C C4. 
Put 

Xo := Bi U C2, Yo := U ^3,^1 B3 U C4, Fi := B4UC1. 

Obviously, the sets XqLIYo, YqLI Xi, U Fi, Fi U contain superheavy sets 
A2, A3, A4, Ai respectively. At the same time it is straightforward to check 
that 

Xo n Xi - Fo n Fi = 0, 

as required. 

One can also construct a quadruple of sets satisfying the assumptions of 
Theorem 11.151 from a triple of superheavy sets. Namely, assume A,B,C C M 
are closed superheavy sets with A D B O C = 0. Let U be an open neigh- 
borhood of ^ n -B such that U is disjoint from C. Set Xq := U n {AU B), 
X4 := C, Yo -.^ A\ U, Yi B \ U. Then Xo,Xi,Yo,Yi satisfy the assump- 
tions of Theorem 11.151 By Proposition 12.31 formula (|32|) and monotonicity, 
pb4{Xo,Xi,Yo,Yi) > pb3{A,B,C). Note that if A,B,C are, for instance, su- 
perheavy Lagrangian submanifolds intersecting transversally and U is the com- 
plement of a sufficiently small closed tubular neighborhood of C, the sets Yq 
and Yi given by this construction are finite unions of small Lagrangian discs. 

Remark 4.7. Let us compare the bounds on the time- length of Hamiltonian 
chords given by Theorem 11.101 (the autonomous case) and Theorem 11.121 (the 
non-autonomous case). We will compare the bounds for the case of an au- 
tonomous Hamiltonian and for R = +00 (i.e. when both estimates are appli- 
cable and there are no restrictions on the oscillation of the Hamiltonian) . We 
have seen in pOI) above that 

l/pb4{Xa,Xi,Ya, Yi) < l/p64(stabXo, stabXi, stabYo, stabYi). (37) 

Thus for Hamiltonian chords of autonomous Hamiltonians the "autonomous" 
bound from Theorem 11.101 is a priori better than the "non-autonomous" one 
from Theorem 11.121 As it was mentioned above, the "autonomous" bound is 
sharp and therefore whenever one has the equality in ([37]) the "non-autonomous" 
bound is sharp as well (see Theorem 11.201 and Proposition 11.211 above for an 
example where the equality in (j37p is actually reached). It would be inter- 
esting to find out whether the bound on the time-length of the Hamiltonian 
chord given by Theorem 11.121 is always sharp. In other words, the question is 
whether for any compact Xo,Xi,Yo,Yi C M, Xq Ci Xi = Yq H Fi = 0, one 
can find time-dependent Hamiltonians as in Theorem 11.121 admitting Hamilto- 
nian chords that connect Xq and Xi and have time-lengths arbitrarily close to 
1/^64 (stabXo, stabXi, stabYo, stabYi). 
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5 Poisson brackets and pseudo-holomorphic po- 
lygons 

5.1 Defining polygons 

Let P C C be the unit disc. Take fc > 2 pairwise distinct points zq, ■ ■ ■ , Zk-i 
on the unit circle in 9D in the counter-clockwise cyclic order (thus further on 
we use the convention (fc — 1) + 1 = for the indices). They divide the circle 
into k arcs 

oo — [zk-i] za],ai = [zq] zi], . . . , a/c_i = [zfe-2; Zk-i]- 

Let C = (Lq, . . . ,L/c_i) be a collection of Lagrangian submanifolds in a sym- 
plectic manifold (M, w). A parameterized k-gon with boundary on £ is a smooth 
map (f) :!]) ^ M such that (j){ai) C Li for all i. For the sake of brevity we shall 
often refer to the image 0(D) as to a k-gon with boundary on £ with edges 
0(ai) and (cyclically oriented) vertices (l){zi). The fc-gons are called triangles for 
k = 3 and quadrilaterals for fc = 4. 

Denote by lB{zo, ■ ■ ■ , Zk-i) the unit disc in C with k counter-clockwise cycli- 
cally ordered marked points zq,---, Zk-i on the boundary. The space P'' of all 
such discs is naturally identified with a subset of (9©)'^. The group PC/( 1,1) 
acts on T) by holomorphic automorphisms, and hence acts ou . Given an 
almost complex structure J on (M,a;) consider the set of all pairs {z,(l)) where 
z = (zo, • • • , Zk-i) € V'^ and (f) : D(zo, . . . , Zk-i) M is a J- holomorphic pa- 
rameterized fc-gon with boundary on C. Its quotient by the natural action of 
the group PU{1, 1) is called the moduli space of J-holomorphic fc-gons with 
boundary on C and is denoted by A4 (with some extra decorations which will 
be introduced later). 

5.2 A reminder on the Maslov class 

Let ^1,^2 be a pair of Lagrangian subspaces in a symplectic vector space V. 
Pick any compatible almost complex structure J on V with J£i = £2- Denote 
by 7,/(Li,L2) the path e*''£i, t G [0;7r/2], of Lagrangian subspaces joining £1 
with £2- 

Let now Lq, . . . , Lfe_i be a collection of Lagrangian submanifolds of a sym- 
plectic manifold (M^",w) in general position: every pair from this collection 
intersects transversally and there are no triple intersections. Let P be a fc-gon 
whose edges ej lie on Lj. Choose a parametrization ei{t) of the edges yielding 
the cyclic orientation of the boundary of the polygon. Denote by w^^i+i the 
vertex lying on Lj fl 1/1+ 1, where the indices are taken modulo k. 

Let AM — ^ M be a canonical fibration whose fiber over a point x G M is the 
Lagrangian Grassmannian An{TxM). For every edge consider its canonical 
lift ei{t) = Tg.(^f^Li to AM. Fix an w-compatible almost complex structure J on 
M. The curves 

eo,7j(T'vo,i-^0'^«o,i-^i)i^i>7j(^ui,2-^i)^vi,2-^2), • • • , 
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form a loop, say 9, in AM. 

Take a symplectic trivialization of the tangent bundle TM over P so that 
the restriction of AM to P splits as P x A„, where A„ is the Lagrangian Grass- 
mannian (the space of Lagrangian planes in the symplectic vector space R^"). 
Write 9' for the projection of to A„. 

Recall that Tk is the set of homotopy classes of /c-gons in M whose sides (in 
the natural cyclic order) lie, respectively, in Lq, Li, . . . , Lk^i- Let a = [P] £ Tk 
be the homotopy class of a fc-gon P. By definition, the Maslov index ■m{a) 
is the Maslov index of 9' in A„. This definition is independent of the choices 
of J, the specific polygon P inside the homotopy class a and the symplectic 
trivialization. We refer to [23l [47] for the details. 

5.3 Gluing polygons 

Let C = {Lq, . . . , Lk-i) be a collection of Lagrangian submanifolds of a 
symplectic manifold (M'^",uj) in general position. Given a homotopy class a of 
polygons with boundary on C, we can perform two operations on it: 

• Take a representative P of a and attach a disc with the boundary on some 
Li at a point lying on the i-th edge of P; 

• Attach a sphere at a point of P. 

We say that two homotopy classes a and (3 of the polygons are equivalent if /? 
can be obtained from a by a sequence of such operations. For brevity we shall 
write 

fc-i 

[3 = a + ^D^ + S, 

i=0 

where Di e TT2{M,Li) and S £ 7r2(M). Observe that this representation is not 
unique: for instance, S £ tt2{M, Li) for all i. The Maslov indices of a and /3 are 
related by the standard formula (cf. [47] ') 

m(/3) = m{a) + ^ m^, (A) + 2ci{S), (38) 

where m^,. is the Maslov class of Li and ci is the first Chern class of (M, lu). 

We shall need also another gluing operation. Let P be a fc-gon with vertices 
Pj £ Lj n ij+i, j = 0, . . . , fc — 1, with boundary on C and let a be a digon 
with vertices v,pi and boundaries on (Li, L^+i) (the marked points zq, z\ £ (9D 
are mapped, respectively, to v and p^; accordingly, the arcs ao,ai C dD are 
mapped, respectively, into L^+i and Li). Attaching a to P along pi we get in a 
natural way a new fc-gon P' with boundary on £ and the vertices 

Po, • • ■ . . . ,Pk-\- 
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We shall write P' — a P. The homotopy class of P' in Tk does not depend on 
the specific choice of P and a within their homotopy classes. It will be denoted 
by [a] H [P]. It is easy to check that 

mi[a] i P) ^ m{[P]) + m{[a]) - n. (39) 

Proposition 5.1. Let {L,K) be a finite type collection of Lagrangian subman- 
ifolds. Let a be a digon with boundaries on {L, K) with the same vertices: 
a € 72(a, a). Suppose that ni{a) — n. Then a;(a) = 0. 

Proof. Changing, if necessary, the orientation of a we can assume that a;(a) = 
c > 0. Put Qfd := a tt ■ • ■ tt a taken d times. Then, by ((39)) . we have that 
m{ad) = n while w(ad) = dc. Thus, by the finite type condition, dc is bounded 
as c? — > oo, and hence c = 0. □ 



5.4 Finite type collections of Lagrangian submanifolds 

Here we discuss examples of finite type collections of Lagrangian submani- 
folds. 

Proof of Proposition [lT26l Let £ — (Lq, . . . , Lk-i) be a collection of mono- 
tone Lagrangian submanifolds in general position with the same monotonicity 
constant. Assume that for every i the morphism ■Ki{Li) — > ■ki{M) has a finite 
image. We have to show that the collection C is of finite type. The latter as- 
sumption guarantees that there exists only finite number of equivalence classes 
(in the sense of Section [Ol above) of homotopy classes of polygons with bound- 
ary on C. Suppose that P ^ Q and m{P) = m(Q). Since all Li have the same 
monotonicity constant, formula psp readily yields uj{P) = uj{Q). This, in turn, 
implies that £ is of finite type. □ 

Consider now the cotangent bundle T*X of a closed manifold equipped 
with the standard symplectic form a. Let /C = (K^o, ■ ■ ■ , K^k~i) be a collection of 
Lagrangian sections of T*X of the form Ki — graph dFi, where Fi is a smooth 
function on X. Suppose that K, is in general position - in particular, all functions 
Fi+i — Fi are Morse. Each intersection point p G Ki O Ki^i is a critical point 
of Fi+i — Fi. Denote by iy{p) its Morse index. One can readily check that for 
every polygon P with vertices po, ■ ■ ■ ,Pk-i and boundary in /C one has 

i i 

In particular, 

0<m{P)<kl, |cr(P)| <C(/C) :=2fc-max||F,|| (40) 

i 

for every polygon P with boundaries on /C. This is a considerable strengthening 
of the finite type property for the collection /C. In particular, it immediately 
yields the following proposition. 
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Proposition 5.2. Let {Lq, ■ ■ ■ ,ifc-i) be any finite type collection of Lagrangian 
submanifolds in a symplectic manifold (M, lj). Let Ki C T*X , i = 0, . . . , A; — 1 
he sections as above. Then the collection {Li x isri)i=o,...,fe-i 'in {M xT*X,u!(Bcr) 
is of finite type with 

A{Lo X Ko,...,Lk-i X Kk-i;N) < 

<mSix{A{Lo,...,Lk;j):je [N - kl; N]} + C{1C). (41) 

Proof. Put il = Lj Qj a. Given a k-gon P with boundary on M x T*X and 
m{P) = N, look at its projections Pi and P2 to M and to T*X respectively. 
Then m(P) = m(Pi) + m{P2) and 17(P) = w(Pi) + (t(P2). By (gOl), 

-A:/ < to(Pi) - TV < 0, |w(Pi) - n{P)\ < C(/C). 

Thus 

|f^(P)| < max A(io, . . . ,Pfe;i) + C(^), 

where j runs over [A^ — fc^; A^]. Therefore the collection {Li x Ki) is of finite 
type and ^ holds. □ 



5.5 Preliminaries on Lagrangian Floer homology 

Here we sketch a definition of operations in Lagrangian Floer homology (over 
Z2) - the reader is referred to [TT], [32], [23] for more details. 

Let (M^",w) be a spherically monotone symplectic manifold with a "nice" 
behavior at infinity (e.g. geometrically bounded [4]). Let £ = (Lq, . . . , Pfe-i) 
be a collection of k closed connected monotone Lagrangian submanifolds, k = 
2,3,4. Our convention is that the indices of Li's are taken modulo k, that is 
Lk — Lq, etc. Recall that the minimal Maslov number Nl of a Lagrangian 
submanifold is the minimal positive generator of the image of 1^2 (Af, L) under 
the Maslov class. We put Nl = +00 if 7r2(Af, L) = 0. 

Throughout this section we shall assume that the following conditions hold: 

(Fl) The whole collection C is of finite type. 

(r2) Every pair {Li, Li+i) forms a collection of finite type. 

(FS) The minimal Maslov number N^. of each is > 2. 

(F4) In case TV^. — 2, the number of pseudo-holomorphic discs of the Maslov 
index 2 passing through a generic point of Li is even. In the terminology 
of [53] this means that the obstruction class (over Z2) of each Li vanishes. 

In addition we assume that L^'s are in general position, meaning that they 
intersect pairwise transversally and there are no triple intersections, and if /c = 4, 
then 

Lo n L2 = ii n P3 = 0- (42) 
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Consider the vector space CF{Li,Li+i) := Spa.nj^^{Li n ii+i). Fix an uj- 
compatible almost complex structure J on M. Given points pi € Li-i n Li, 
i = 1, . . . , fc, and a homotopy class A e 7/c of A:-gons with boundary on C and the 
vertices pi, . . . ,pk, consider the moduli space A^a(pi, ■ • ■ ,Pfc) of J-holomorphic 
fc-gons representing class A. A standard transversality argument yields that for 
a generic J this space is a smooth manifold of the dimension 

dim A^a(pi, . • . ,Pfc) = m{A) + n(l - fc) + fc - 3. (43) 



Remark 5.3. To make the transversality argument actually work one needs to 
deal with a more involved version of the 9-equation (see [12]). We shall ignore 
this point in our sketch. Furthermore, under certain assumptions there is a way 
to associate an index, say I{p), to each intersection point from Li D Li^i after 
equipping the Lagrangian submanifolds (and hence the intersection points) with 
an additional structure of a Lagrangian brane. In this case the dimension of the 
moduli space A4a{pi, ■ ■ ■ ,Pk) is given by a more standard expression 

k-l 

/(Pfc)-^/(K) + fc-3 

(see e.g. [12], formula (12.8) ). One can verify that it coincides with We 
shall not enter the issue of grading. 

We shall write \Y\ for the cardinality - modulo 2 - of a finite set Y. Define 
a Z2-multi-linear map 

/-I : CF{Lo, Li)^...^ CF{Lk-2,Lk-i) ^ CF{La, Lu-i) 

by 

/-^(pi, . . . ,pfc_i) = ^ \Ma{pi, . . . ,Pfe)| • pfc, (44) 

A 

where the sum is taken over all 0-dimensional moduli spaces. Note that the mod- 
uli spaces M.a(j>i, ■ ■ ■ ,Pk) are zero-dimensional (or empty) whenever 'm{A) = 
n(k — 1) — fc -f 3. Since our collection is of finite type, the symplectic areas of all 
polygons from such moduli spaces are bounded away from infinity. Thus a com- 
pactness argument yields that the 0-dimensional moduli spaces are necessarily 
finite sets and that the sum in the right-hand side of is finite. 

The operation ^i^ : CF{Lo,Li) — > CF{Lq,Li) is a differential: o ^j} = 0: 
this is guaranteed by Floer gluing/compactness theorems and by the vanishing 
of the obstruction class. For convenience we denote fi^ by d. The corresponding 
homology Kerd/Imd is called the Lagrangian Floer homology HF{Lq, Li) of 
Lq and Li. It is a Z2-module. In the same way we define Floer homology 
HF{Li, Lj) for all and for the sake of brevity use the same notation d 
for the Floer differentials for all Note that when k — A, the intersection 
condition (|32]) guarantees that HF{Lo,L2) = HF{Li,L3) = 0. 
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Consider the operation 

^2 : CF{Lo, Li) ® CF{Li,L2) ^ CF{Lo,L2). 

We shall abbreviate /i^(ai, 02) = 0102. This operation satisfies the Leibnitz rule 

^(0102) — ai ■ da2 + dai ■ 02 

and hence descends to an operation in homology: 

HF{Lo, Li) ® HF{Li,L2) ^ HF{Lo, L2). 

The latter is called the triangle (or Donaldson) product in Lagrangian Floer 
homology. If /c = 4, we define the triangle product for the triple Li,L2,L3 
in the same way and keep for it the same notation. Note that for A; = 4 the 
intersection condition ([^^ guarantees that for pairwise distinct i,j,l the triangle 
product 

CF{U,Lj) ® CF{L,,Li) ^ CF{L„ Li) 
vanishes already on the chain level. The operation 

: CF{Lo, ii) ® CF{Li,L2) ® CF{L2, L3) ^ CF{Lo,L2) 

satisfies the Aoo-relation 

d^3(ai, 02,03) = n^{dai,a2,a3) +^^(01,^02,03) + /^^(ai, 02, ^03) 

+ 01(0203) + (0102)03. (45) 

This formula yields two useful facts. First, assume that fi^ — 0. Then the 
triangle product is associative: 01(0203) ~ (0102)03. Second, we have the 
following proposition: 

Proposition 5.4. Assume that Lq n L2 = Li n L3 = 0. Then ji^ descends to 
an operation in Lagrangian Floer homology 

HF{Lo, Li) ® HF{Li,L2) ® iJF(L2, is) ^ HF{Lo, L2). 
By a slight abuse of notation, we shall still denote the homological operation 

by 

Proof. The assumption on intersections yields that the product vanishes 
for every triple L^, L^+i, Li_|_2- Thus the terms 01(0203) and (0102)03 in (|45p 
vanish, which immediately yields the statement of the proposition. □ 

It is a folkloric fact that the Lagrangian Floer homology and the operations 
introduced above remain invariant under exact Lagrangian isotopies of the sub- 
manifolds Li (of course, in case of the /i^-operation on homology one needs 
the intersection assumption Lq n L2 = Li n L3 = to remain valid during 
the isotopies). We are going to discuss a particular case of this statement in 
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a slightly different language: instead of deforming Lagrangian submanifolds we 
shall deform the symplectic form on M. A crucial feature of this setting which 
significantly simplifies the analysis is that the intersection points from Li nL^+i 
remain fixed and transversal in the process of the deformation. 

Consider a deformation w^, s € [0;1], wq = of the symplectic form lo 
through symplectic forms on M which satisfy the following conditions: 

(Dl) LOs = uj near each Li for all s; 

(D2) LUs is cohoniologous to uj for all s; 

(D3) for any s G [0; 1] and any i = 0, . . . , fc — 1 the integrals of the forms a;^ and 
bj over discs define the same functional it2{M, Li U ii+i) — > M. 

Note that Li is a monotone Lagrangian submanifold of (M, Ws) and its mono- 
tonicity constant does not depend on s. Furthermore, assumptions (F2)-(F4) 
hold automatically for all s. We shall assume in addition that 

(D4) the collection C is of finite type with respect to oj^ for all s € [0; 1]. 

Choose a generic 1-parametric family J^, s G [0; 1], of Ws-compatible almost 
complex structures. Note that the vector spaces CF{Li, Li^i) do not depend 
on s. Write dg for the Floer differential on CF{Li, Lj) with i ^ j. Denote 
by HFs{Li, Lj) the Lagrangian Floer homology, and by /i^^^ the operations 
associated to the collection £. We shall write for the moduli space of Jg- 
holomorphic polygons with boundaries on £ and M%{pi, . . . ,pk) C A^" for 
the space of j7s-holomorphic polygons in a homotopy class B with the vertices 
Pi,--- ,Pk- 

Proposition 5.5. Let fc = 3 or 4. There exist isomorphisms 

c^, : HFo{L,,L,+i) ^ HFi{L„L,+i), i = 0, . . . , fc - 2, 
and ipk-i ■ HFo{Lo, Lk-i) ^ HFi{Lo, Lk-i) which send ^q^^ to ^j.^'^^ , i.e. 

Hi^^ {(po{xa), . . . , (j)k^2{xk-2)) = (j)k-i{Ho^^{xo, . . . ,Xk-2)) (46) 
for all Xi e HFo{Li, L^+i), i = 0, . . . , fc - 2. 

Proof. Note that the differential dg and the operations can change in the 
process of deformation only due to bubbling-off. Since L^'s are monotone with 
the minimal Maslov number > 2, for a generic 1-parametric family Jg there 
is no bubbling-off of Jg-holomorphic discs and spheres (and we assume that 
our 1-parametric family is chosen to have this property) . By the Gromov-Floer 
compactness result, other possible degenerations of Jg-holomorphic polygons can 
be analyzed by looking at possible degenerations of the disc D with the marked 
points on the boundary into tree-like connected cusp-curves with the marked 
points on them. Such an analysis, together with the intersection assumptions 
LonLinL2 = for fc = 3 and (|42p for fc = 4, shows that the only possible pattern 
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of the bubbling-off is as follows: a Js-holomorphic digon fi with boundaries on 
some pair {Li,Lj) of index m(/3) = n + I splits into the sum of two digons 
/3 = /3' tt a where m{a) = n. This splitting can take place for a finite set 
T = {0 < ^1 < . . . < < 1} of the parameter s which we will call the critical 
values. Thus on the intervals 

[0;ti),...,(t/_i;i/),...,(i^v;l] 

the Floer homology and the operations do not change and their realizations 
for different values of the parameter (within such an interval) will be identified. 
Without loss of generality, we can assume that for every critical parameter t € T 
there is a unique digon a with m(a) = n. We shall call a an exceptional digon. 

Fix a pair (L, K) of distinct Lagrangian submanifolds from our collection. 
Suppose that for t G T there exists an exceptional digon a e A^^(a, 6), where 
a,b e LO K. Note that ujt{a) > and hence Proposition 15.11 above yields 
that a b. Following Floer [211 Lemma 3.5], define an endomorphism of 
CF{L,K) by 

i)\x) + ix,a)b, (47) 

where (x, a) is the coefficient at a in the expansion of x with respect to the basis 
L n K oi CF{L, K). Observe that -0* ° '0* is the identity map (recall that we 
work over Z2) and hence ^* is an isomorphism. By using a gluing/compactness 
argument Floer showed in that for a sufficiently small e > 

1p* O dt-e = dt+e O V'*- 

Thus 0* induces an isomorphism 

0* : HFt-,{L,K) ^ HFt+,{L,K). 

Taking the composition of isomorphisms 0* over all critical parameters t € T 
we get an isomorphism 

(j){L,K) : HFo{L,K) ^ HFi{L,K). (48) 

We claim that these isomorphisms send ij,q~^ to fj-^^^ . The proof is based on 
the very same Floer's argument. Let us elaborate it in the case k — A (the case 
A: = 3 is analogous). 

Let us study what happens with the operation /i^ when the parameter s 
passes a critical value t G T. Let a G M.^{a,b) be the exceptional digon, and 
A be its homotopy class. We denote by and M.^ the moduli spaces of 
Js-holomorphic fc-gons for s G {t;t + e) and s G e;t) respectively, and by 
the corresponding /x^-operations. 

Case 1: a,b G Lq n Li. Consider a 0-dimensional moduli space of the form 
M%{b,p2,P3), where s G {t — e,t + e), p2 G Li (1 L2, G i2 n L3. It does not 
change when s passes through the critical value t. Take a Jt-holomorphic quadri- 
lateral P G A4g{b,p2,P3,q), q G Lq O L3, and look at the quadrilateral a jj P. 
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A parametric version of the standard compactness/gluing argument for pseudo- 
holomorphic polygons yields that the following bifurcation takes place: there 
exists a unique family of pseudo-holomorphic polygons from A^^ ^ g{a,p2,P3, q), 
where either s E [t — e; or s G (t; t + e) but not both, which bubbles off to 
a tt P as s = t and which disappears as s enters the other half of the interval 
{t — t;t + e). In other words, each P contributes ±1 to the difference 

\M\^B{a,p2,P:i,q) \ - |A^;4 jj 3(0,^2, P3,9)|- 

It follows that 

(M+(a,P2,P3),g) - {fJ--{a,P2,P3),q) {fJ-%{b,P2,P3),q), 

(recall that we are counting modulo 2), and hence 

M+(a,P2,P3) + P'%{b,p2,pz) = (a,p2,P3)- (49) 

The cases when a, h lie in Li H L2 (respectively, in L2 H L3) yield similar equal- 
ities. The only difference with (^^1 is that the points a, b appear at the second 
(respectively, at the third) position in /i . 

Case 2: a, 6 e Lq n L3. Similarly, we look at the broken quadrilateral P H a, 
where P lies in the 0-dimensional moduli space A^g(pi,p2,P3, a), and conclude 
that P contributes ±1 to the difference 

This yields (modulo 2) 

(M+(P1,P2,P3),&) - (M-(P1,P2,P3),&) = {fi^_{pi,P2,P3),a). 

For every q ^ b 

{f^+{Pl,P2,P3),q) = (/i^(pi,P2,P3),'?) , 

and hence (modulo 2) 

^J■X{Pl,P2,P3) = Aii(Pl,P2,P3) + {fJ-^^{pi,P2,P3),a)b. (50) 

Suppose that the exceptional digon a is associated to the pair (L,(, Ly), where 
{u,v) = (0,1), (1,2), (2, 3) or (0,3). Define an isomorphism V'y of CF(Lj, L^) by 
formula (1471) if (i, j) = iu,v) and as the identity map otherwise. Using formulas 
(|47l),(|49]) and dSO]) we conclude that 

Mt(^oi(a;o),V'?2(a;i),V'23(2;2)) = Vo3(M-(2;o,a;i,X2)) (51) 

for all 

€ £0 n ii, xi e ii n L2, 0:2 e P2 n L3. 

The composition of ipjj^s over all i G T is exactly the isomorphism (j){Li,Lj) 
introduced in (j48|) above. Put 

0(io,ii) 00, 4'{Li,L2) := 0(^2, ^3) := 02, ^(^0,^3) = 03- 

With this notation formula ((5T|) readily yields (|46)) . This completes the proof 
of the proposition. □ 
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5.6 The product formula 

Let £ — {Lq, . . . be a generic collection of Lagrangian submanifolds 

of a symplectic manifold (M, cj) satisfying assumptions (F1)-(F4) of Section [531 
above and the intersection condition (|42p . Choose a generic collection of k 
sections /C = {Kq, ■ ■ ■ , iffc-i) of T*S^. Assume that all Ki are exact, that is of 
the form Ki = graph d_Fi for some functions Fi : ^ E. Consider a collection 
C := {Li :— Li x Ki). It also satisfies properties (Fl) -(F4) and (H^ . Indeed, 
(Fl) and (F2) follow from Proposition [521 and the remaining properties readily 
follow from the definitions. 

The Kiinneth formula in Floer homology (which can be obtained by consid- 
ering the Floer complexes for a split almost complex structure on M x T*S^) 
yields 

HF{L,,Lj) - HF{L,,Lj) d) HF{K,,Kj). 
With this identification we have that 

{a(E) A) ■ {b® B) = (ab) (g) (AB) (52) 

and 

fj.^{a(S) A,b(S) B,c(^ C) = fi^{a, b, c) {ABC). (53) 

It is well-known [22] that the Z2-modulc HF{Ki, Kj) is canonically identified 
with {8^,2,2) so that the product /i-^ for /C corresponds to the cup-product 
and the /x'^-operation for /C vanishes. Let us mention that the product /i^ for /C 
is associative and hence the expression ABC is well-defined. 

The conclusion of this discussion is that the operations /i^ and /i'^ for C do 
not vanish, provided they do not vanish for C. 

The proof of ([52|) is straightforward and will be omitted. The proof of (|53p 
is a bit more delicate and will be sketched below. For more information on the 
product formulae see [3]. 

Sketch of the proof of formula ([55]) : Consider the space of all discs with 
four counterclockwise cyclically ordered boundary points, and denote by its 
quotient by the natural action of P[/(l,l). We shall denote by P € 7'"' the 
image oi P £ in V*. 

Step 1: Fix the standard complex structure / on T*S^. Fix a generic almost 
complex structure J on M . We are studying J ® /-holomorphic maps u from 
P E V to AI X T*S^ with boundary on C. (In this sketch we will not discuss 
the regularity of these almost complex structures.) 

Each such map has the form u — (</',?/'), where (p : P AI and i/j : P — >■ 
T*S^. Using the dimension formula (|43)) and the fact that the Maslov class 
is additive with respect to direct sums, we get that the 0-dimcnsional moduli 
space of such maps can arise from two sources: 

(i) The map (p lies in the 0-dimensional moduli space of J-holomorphic quadri- 
laterals with boundary on C. This picks a finite subset, say Z , of possible 
classes P in the space V*. To get a generic existence of an /-holomorphic 
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Figure 5: Non-convex quadrilateral ABCD 

map ip : P T* with boundary on /C so that [P] G Z, the map must 
lie in a 1-dimensional component of the moduli space of /-holomorphic 
quadrilaterals with boundary on /C - in this case by varying ip we can 
"tune in" its source to be in Z. 

(ii) The same, but with cj) lying in the 1-dimensional moduli space and ip lying 
in the 0-dimensional moduli space. 

Note that the count of 0-dimensional moduli spaces of pseudo-holomorphic 
quadrilaterals yields the /i'^-operation. Since the latter vanishes for /C, the sce- 
nario (ii) can be disregarded. Thus we shall focus on (i) and study 1-dimensional 
components of the moduli space of 7-holomorphic quadrilaterals with boundary 
on IC. 

Step 2: Pass to the universal cover := C — >■ r*^^ and hft the sections Ki 
(we keep the same notation for the lifts). Look at the holomorphic quadrilat- 
erals formed by Kq, Ki, K2, K^. The holomorphic quadrilaterals of expected 
dimension 1 correspond to embedded quadrilaterals with boundary on JC which 
have a unique interior angle > tt. Fix such a quadrilateral and, to make fur- 
ther analysis more transparent, draw it as a non-convex Euclidean quadrilateral 
ABCD in K^, where the vertices are written in the counter-clockwise order and 
the angle at C is > tt. Introduce also the points E, which is the intersection of 
the edge AD with the ray [BC), and F, which is the intersection of the edge 
AB with the ray [DC), see Figure [5] Suppose that 

AB C Ki, BE C K2, FD C K3, DA C Kq. 
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Introduce a parameter t G [0; 1] on the broken line ECF so that E corresponds 
to t = 0, C corresponds to t = 1/2, F corresponds to i = 1. Denote by Xt the 
point on the broken line ECF corresponding to the value t of the parameter. 
Look at the following family of closed broken lines which depends on a parameter 
t€ (0,1): 

• the line formed by the segments AB C Ki, BXt C K2, XtC C K2, 
CD C i^3, DA C Ko for t e (0; 1/2); 

• the line formed by the segments AB C A'l , BC C K2 , CD C K3 , DA C 
Kq for t = 1/2; 

• the line formed by the segments AB C Ki, BC C K2, CXt C K3, XtD C 
K3, DAcKo for t e (1/2; 1). 

For every t e (0; 1) this broken line bounds a holomorphic polygon, say 
ij^t '■ Pt ~^ C, where Pt = 0{zq, zi, Z2, 23), so that 

V't(2o) = A, V^t(zi) = B, '4)t{z2) = C, ?/'t(23) = D. 

Note that for t 7^ 1/2 the map ^tlsi hits C twice, so Z2 corresponds to the 
second hit for t < 1/2 and to the first hit for t > 1/2. By applying a Mobius 
transformation we can assume that zq = —i, zi — I, z^ = —1 and Z2 varies with 
t e (0; 1) between 1 and —1 (excluding the endpoints themselves) in the upper 
half-circle. 

Next, we wish to analyze the behavior of these holomorphic quadrilaterals 
when t \ and t /'I. For this purpose let us recall (see [22]) that the 
Deligne-Mumford compactification of 7^^ can be identified with [0; 1], where the 
boundary point corresponds to the stable curve 

50 := D"(zo, zi, z*) tt D~^{z^,Z2, Z3) 
and the boundary point 1 corresponds to the stable curve 

51 := B^{zo,z^,Z3) tt D+(z*,zi,Z2)- 

Here we denote by two copies of the unit disc. 

When i \, 0, the bubbling-off happens: The map ipt converges to a map 
^0 = i^o tt V'o' from Eq to C. Here ipQ : D~ — ^ C is a holomorphic triangle with 
the three sides, respectively, on Kq, Ki, K2 and the vertices 

-0(7 (Zo) = A, ■00^(21 ) = 5,-0(7(2*) = E, 

and -.0+ -i' C is a holomorphic triangle with the three sides, respectively, 
on Ko,K2, K3 and the vertices 

i;+{z,) = E,^4{z2) = C,^o+(z3) = D. 
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Similarly, when t 1, the map ■0* converges to a map V'l = V'f tl V'l from 
El to C. Here ipi ■ — >■ C is a holomorphic triangle with the three sides, 
respectively, on Kq^Ki^K^ and the vertices 

^-(za) ^ A, Vr(z,) = F, Vi-(z3) = D, 

and tl;^ : 11)+ — > C is a holomorphic triangle with the three sides, respectively, 
on Ki, K2, K3 and the vertices 

^+iz,) = F, V^+(zi) = B,i;+{Z2) = C. 

The bubbling pattern shows that Z2 -> 2:3 = — 1 as t — > and Z2 zi — 1 as 
t — > 1. This shows that the map 

$ : [0; 1] -> CompactificationCP"), t Pt, 

has degree 1 (modulo 2). Thus, generically, for every P ^ Z (where the finite 
set Z was defined in Step 1) there exists an odd number of values of t with 

Pt=P- 

Step 3: We use the notations of Steps 1 and 2. Consider all pairs {P G 
V^^ct) ■ P ^ M) such that the image of is a polygon with vertices a,b,c,d. 
The moduli space of such pairs consists of {fi^{a,b,c),d) points. We have seen 
that each such point and every quadrilateral ABCD C T*S^ as above together 
contribute 1 (modulo 2) to the coefhcient 

{lX^{a® A,h® B,c®C),d® D). 

The analysis in Step 2 shows that the number of such quadrilaterals ABCD 
equals {A ■ B ■ C,D). We conclude that 

(/i^(a (g) A, 6 (g) B, c (K) C), d (g) I?) = (M^(a, b,c),d) ■ {A ■ B ■ C,D), 

which immediately yields formula (j53p . □ 

We refer to 1311 and references therein for an algebraic discussion on A^o- 
operations for a tensor product of Aoo-algebras. 

5.7 Application to Poisson brackets invariants 

The next result is a more precise version of Theorems 11.271 and 11.301 stated 
in the introduction. Let C = (Lq, • ■ • , ife-i), fc = 3 or 4, be a collection of 
Lagrangian submanifolds of a geometrically bounded symplectic manifold. As- 
sume that Li's are in general position, satisfy conditions (F1)-(F4) and for fc = 4 
satisfy the intersection condition p2|) . Put 

A3 = A{Lo,Li,L2; 2n),Ai ^ A{Lq, ii, L2, ^3; 3n - 1), 

A3 = max{yl(io,ii,i2;j) : 3 G [2n- 3;2n]}, 
A'^ — ma,x{A{LQ, Li, L2, L^,]) : j G [3n — 5; 3n — 1]}. 
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Theorem 5.6. Assume that the operation fi^ ^ in the Lagrangian Floer homol- 
ogy of C does not vanish. Then 

(i) If k ^ i, then 

pbs{Lo,Li,L2)>-^ (54) 
ZA3 

and ^ 

pb3{stab Lq, stab Li, stab L2) > 77-77- (55) 

(a) If k = A, then 

pbi[Lo,L2,Li,L^)>l/Ai (56) 

and 

pb4^{stab Lq, stab L2, stab Li, stab L3) > l/A'^. (57) 

Proof. We shall prove part (ii) (the proof of (i) is analogous). By Proposi- 
tion ll.3[ p64(Lo, L2, £1, L3) — inf ||{F, G}||, where F = in a neighborhood of 
Lq, F = 1 in a neighborhood of L2, G = in a neighborhood of Li, G = 1 in a 
neighborhood of L^. Given such functions F,G € C^{M), consider the family 
of forms 

LOs u! — sdF A dG. 

Note that 

dFAdGA = -{F, G} ■ w". 
n 

Thus 

< = (l-s{F,G})c.". 
Therefore the form 0;^ is symplectic for all 

sel:= [0;1/||{F,G}||). 

A straightforward application of the Stokes formula shows that the deformation 
uJs, s G I, satisfies the assumptions (D1)-(D4) of Section lSTSl above. For instance, 
in order to verify that the collection £ is of finite type for every s, observe that 
dF A dG = 1 for every quadrilateral a with the boundary on C and hence 

^sio^) < oj{a) — s. (58) 

At the same time the Maslov class m(a) does not change in the process of 
deformation and hence the finite type condition for lJs follows from the one for 

UJ. 

Choose a generic family of almost complex structures Jg compatible with 
LUg . By Proposition 15.51 the operation fi^ in the Lagrangian Floer homology 
of C with respect to ujs does not vanish. Thus for every s G I there exists a 
Jg-holomorphic quadrilateral, say a, with boundary on C. The dimension of the 
moduli space of such quadrilaterals equals m{a) ~3n + l = and thus the finite 
type condition ([25|) guarantees that uj{a) < A4. Thus, by ([58|) . 0Js{a) < A4 — s. 
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At the same time uJs{a) > and hence s < A4 for every s € I — [0; 1/\\{F, G}\\). 
This yields ||{-F,G}|| > I/A4, and inequality (HH) follows. 

Let us pass to inequality (ISTl) . Choose a collection /C = (Kq, Ki, K2, K3) 
of four generic sections of T*S^ and take e > 0. Applying Proposition 15.21 and 
using the product formula ([55)) we get that the collection {Li x eifi)i=o, 1,2,3 also 
satisfies the assumptions of the theorem and hence, by ([5E)) , 

pb4{Lo X eKo,L2 x eK2,Li x eKi,L^ x ei^a) > "'^ 



- eC(/C) 



Note that Li x converges (in the sense of Section [^?T]) to stahLi as e — > 0. 
Thus inequality ([57)1 immediately follows from Corollary 12.11 This completes 
the proof. □ 



Remark 5.7. Let Kq, . . . , Kk-i be arbitrary exact sections of T*S^ (not nec- 
essarily in general position). Put L'i := Li x Ki. The same proof as above 
shows that under the assumptions of the theorem the Poisson bracket invari- 
ants pbs{LQ, L[, L'2) (when fc = 3) and pb4{LQ, L'2, L[, L'^) (when fc = 4) are 
positive. 



Remark 5.8. The results of Section [5] extend verbatim to the case when La- 
grangian submanifolds from our collections are not necessarily compact, but 
rather geometrically bounded (see [U p.286]), that is properly embedded with 
"nice behavior" at infinity. In this case we should also assume that the number 
of intersection points of each pair of submanifolds is finite. Let us apply this 
remark to the quadruple of circles Xo,Xi,Yo, Yi on the torus considered at 
the end of Example II. 2 1 Fix a square H on whose edges (in counter-clockwise 
cyclic order) lie on Xo,Yo, Xi,Yi. Take any lift of the contractible curve dH 
to the universal cover — >■ T^. Its edges lie on some lifts Xo,Yo, Xi,Yi of 
Xq,Yq, Xi,Yi respectively. The quadruple C of lines Xq,Yq, Xi,Yi on forms 
a collection of finite type. Take a generic quadruple JC = {Ki, K2, K3, K4) of 
exact Lagrangian sections of T*S^ and put 

Xo = XoX Ki,Xi =XiX K2,Yo = Yo x K3,Yi = Y x K4. 

Consider a pair (F, G) £ TUXq x Ki,Xi x K2,Yq x K^,Yi x K4). Consider 
the deformation = w — sdF A dG of the symplectic form w on x T*S^. 
Let Jg be an w^-compatible family of almost complex structures on x T*S^. 
Denote by and Jg the lifts of uJs and Jg to x T*S^. The periodicity 
of UJs and Jg with respect to the group acting on the R'^-factor guarantees 
that Lagrangian submanifolds Xq^Yq, Xi,Yi remain geometrically bounded for 
every s whenever uJs is symplectic. Moreover, the /i^ operation is well defined 
and does not vanish: indeed, it does not vanish for the quadruple of lines C on 
M.^ due to the contribution of the square 11, and it survives the stabilization by 
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the product formula ([55)) . Thus we get a Js -holomorphic quadrilateral Ss with 
the edges on Xq^Yq, Xi,Yi. Its projection to x T*S^ satisfies 

/ uj< Area(n) + const(/C), / FdG = 1. 

Applying Proposition 11.191 as in the proof of Theorem 15.61 above we readily get 
that pb4{XQ X Ki,Xi x K2,Yo x K^jYi x K4) > 0. This confirms the claim 
made in the end of Example 11.21 

5.8 Lagrangian spheres and the triangle product 

Let (M^",w), n > 2, be an exact convex symplectic manifold, meaning 
there exists a 1-form 9 on M and an exhausting sequence of compact manifolds 
with boundary Mi C M2 C . . . C M such that uj = dd and for any i the 1- 
form 0\dMi is contact. Let Lq, L2 be exact Lagrangian submanifolds of (M, w) 
(meaning that the restrictions of 9 on them are exact 1-forms). Let Li C M be 
a Lagrangian sphere. Assume Lq D Li L2 = 9 and all the Li intersect each 
other transversally - thus the collection Lq, Li, L2 C M is of finite type. 

Fix a diffeomorphism / : 5" — > Li. This data allows to associate to Li a 
compactly supported symplectomorphism r^^ : M ^ M , called the Dehn twist 
in Li. It maps Li to itself. Therefore there is a canonical isomorphism 

HF{T£^\La),Li) ^ HF{La,L{). (59) 

Seidel showed f^T that there is an exact sequence: 

HF[Lo, L2) HF{T^^iLo), L2) 




HF{Tll{La),Li)® HF{Li,L2) 

where the map 

F : HF{t^^\Lo),Li)®HF{Li,L2) ^ HF{Lo,L2) 

is the composition of the isomorphism ([59]) and the triangle product 

fi^ : HF{Lo,Li)®HF{Li,L2) ^ HF{Lo,L2). 

Therefore Seidel's exact sequence implies that if 

HF{Lo,L2) ^ 0, HF{T^^iLo),L2) = 0, (60) 

then the product /j,^ is non-trivial. 

We learned the following specific example of such a situation from Ivan Smith 
[44] - we thank him for explaining it to us. 
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Consider with the complex coordinates x,y,z. Take a smooth complex 
hypersurface M in C'^ given by the equation x'^ + y'^ + p{z) = 1, where p is 
a complex polynomial of degree 5 with 4 non-degenerate critical points, say 
zq = 0, zi — —1, Z2 — i, Z3 = 1. The symplectic structure on C'^ induces 
the structure of an exact convex symplectic manifold on M. The projection 
TT : M C to the complex 2;-plane is a Lefschetz fibration with the critical 
values Zi, i = 0,1, 2, 3. 

A smooth embedded path 7 : [0; 1] — > C, which connects two distinct critical 
values Zi = 7(0) and zj — 7(1) and does not pass through the other critical 
values, is called a matching path. To a matching path 7 one can associate a 
Lagrangian sphere S C 7r~^(7) C M, called a matching cycle. (The construction 
is due to Donaldson, for details see e.g. [42], pp. 230-231. The sphere is glued 
from two Lagrangian discs, called Lefschetz thimbles, coming out of the critical 
points (0, 0, Zi) and (0, 0, Zj) of tt and having a common boundary which is a 
vanishing cycle in a fiber of tt). 

Consider the matching paths 701, 702, 7o3, 723 which are straight segments 
in C connecting, respectively, zq with zi, Z2, Z3, and Z2 with Z3. Denote the 
corresponding matching cycles Sqi, S02, S03, 823. An exact Lagrangian isotopy 
identifies the matching cycle S23 with t^^^(5'o2) (under an appropriate identifi- 
cation of S'oa with S^) - see [42], p. 232. We can perturb the matching cycles 
by C°°-small exact Lagrangian isotopies so that those of them that correspond 
to intersecting matching paths intersect each other transversally at exactly one 
point and all the triple intersections are empty. (Obviously, matching cycles 
corresponding to disjoint matching paths do not intersect each other). 

Thus setting Lq :~ Sq2, Li 6*03, L2 := 6*01, we see that Lq, Li and L2 
are Lagrangian spheres in M such that LqD LiD L2 =0 and which satisfy (|60)) . 
Therefore the triangle product 

: HF{Lo, Li) ® i/F(Li, ij) ^ HF{Lo, L2) 

is non-trivial. 

6 Poisson bracket invariants and SFT 

In this section we prove Proposition 11.22] bv using a method of Symplectic 
Field Theory [I2j. 

6.1 Lagrangian tori in S"^ x T*S^ 

Consider a symplectic manifold V — x T*S^ equipped with the split 
symplectic form luq so that the area of 7 := [S'^ x point] equals 1. Let 11 C 5^ 
be a disc with smooth boundary. Consider a Lagrangian torus L ~ dll x in 
V. The relative Hurewicz morphism tt2{V, L) — > H2{V, L, Z) is an isomorphism. 
Denote by a and /? the elements in H2{V, L, Z) generated by 11 x {point} and 
52 \ n X {point} respectively so that a -I- /3 = 7. 
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Theorem 6.1. Let lOt, t S [0; 1], he a smooth deformation of ujo through sym- 
plectic forms such that L remains LOr-Lagrangian for all t . Then 

> and a;i(/3) > 0. (61) 

Proof: 

Given a Riemann surface with boundary, say C, attach a punctured disc to 
each of its boundary components. The resulting Riemann surface is denoted by 
C. 

Assume on the contrary that wi(a) < 0. Since ujq{ci) > 0, there exists 
t G (0; 1] such that uJt{a) = 0. 

We equip the torus L with the Euchdean metric, make an appropriate 
choice of an wt-compatible almost complex structure J on V and perform the 
stretching-the-neck procedure near L as in [12 . As a result of the stretching, 
we get an almost complex structure Jb with a negative cylindrical end onV\L 
and an almost complex structure J^, on T*L with a positive cylindrical end. 
Let us emphasize that the structure Jb is tamed by ujt- 

The manifold V is foliated by J-holomorphic spheres in the class 7 [23 • The 
compactness theorem of ^ guarantees that after stretching the neck some of 
these spheres split into a collection of multi-level pseudo-holomorphic curves 
asymptotic to closed orbits of the Euclidean geodesic flow on L. Without loss 
of generality we shall assume that there are just two levels. Thus there exists 

• a partition of the sphere S*^ (equipped with the standard complex struc- 
ture) hy K > boundary circles into blue and white domains Bi, . . . , 
and Wi , . . . , Wm so that any two domains with a common boundary com- 
ponent have different colors; 

• pseudo-holomorphic maps cjji : Bt — > {V\L,Jb) and -^i : Wi — ^ {T*L, J^) 
whose negative (resp. positive) asymptotic ends are closed orbits of the 
Euclidean geodesic flow on L. 

By obvious topological reasons, there are at least two discs among the do- 
mains of our partition. Since all Euclidean geodesies on the two-torus are non- 
contractible, no white domain can be a disc. Thus there are N > 2 blue domains. 

Persistence of the fibration by J-holomorphic spheres in the class 7 yields 
that iOt{'y) > 0. Write the relative homology class of (j)i{Bi) as pia + qi^. Since 
the relative homology class of each iJi{Wi) is zero (because tt2{T*L,L) = 0), 
the classes 4>i{Bi) = pia + qij add up to 7 and we get 

N 

^g. = l. (62) 

Since Wt tames Jb, we have that ujt{pice + qij) > 0. Since uJt{a) — and 
oJtil) > 0, we necessarily have that qi > for all i. In view of ((62)l . this 
contradicts N > 2. Therefore u}i{a) > 0. Similarly, wi(,S) > 0. □ 

This proof is due to Richard Hind. We thank him for his help and a considerable 
shortening of our original argument. 
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6.2 An application to Poisson bracket invariants 

Proof of Proposition [TT221 Arguing as in Section [122] we see that it suffices 
to prove the lower bound 

p&4(ai X K,a3X K,a2 x K,a4 x K) > ma.x{l / A, 1 / {B - A)) (63) 

assuming tlrat tlie boundary 911 is smooth. Without loss of generality, let 
= S"^ be the zero section of T*S^ and B = Area(S'^) = 1. Pick two functions 
F,G £ 7^4(01 X K,a3 X K, 02 x K,a4 x K) and consider the deformation ujs := 
uq — sdF A dG of the split symplectic form uo on V — x T* . As we have 
seen in Section [1.6.11 LUg is symplectic for all s < l/||{i^, G} and (in the notations 
of Section I01 above) ujs{ct) = A — s (because dF A dG = FdG = 1). By 
Theorem 16. 1[ Ws(a) > and hence s < A. Therefore 

p ■= ^64(01 X K,a3 X K, a2 x K.a^x K) > 1/A. 

Applying the same argument to the quadrilateral 11' 5*2 \ 11 we get that 

p' ■= ^64(01 X if, 04 X K, 02 X K.aiX K) > 1/(1 — A). 

By the symmetry of the Poisson bracket invariants, p — p' and hence we get 
inequality □ 

7 A vanishing result for pbi^ 

In this section we prove Proposition 11.231 Let us introduce the following 
terminology: Assume that 5 is a finite simplicial complex and M is a manifold. 
Let (j) : S ^ M he & homeomorphism from S to its image 4>{S) so that the 
restriction of (/> to every simplex is a smooth embedding. We refer to the image 
X := 4>{S) as to an embedded simplicial complex in M. We denote by dimX 
the maximal dimension of a simplex from S. 

Proposition 7.1. Let A"o,A"i he disjoint embedded simplicial complexes in a 
symplectic manifold {M,uj). Assume that 

dim Xo + dim Xi<2n~2. (64) 

Then for every pair of disjoint compact subsets Yq, Yi of M 

pb4{Xo,X4,Yo,Yi)=0. 

Proof. Assume on the contrary that pb4{Xo, Xi,Yo,Yi) = p > 0. Fix neigh- 
borhoods U^ oi Y,, i = 0,1. Take any function H e G^{M) so that H = 
on Uq and H — 1 on Ui. Denote by ht the Hamiltonian flow generated by H. 
Put T = 2/p and set Z := [Jifi^x ^ti-^o)- The dimension formula (|64)) and a 
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standard transversality argument yield the existence of an arbitrary C'^-small 
Hamiltonian diffcomorphism / of Af supported near Xi such that 

/(Xi) n Z = 0. (65) 

Since / is C°-small, we can assume that f{Yi) C Ui for i = 0,1. Moreover, since 
/ is supported near Xi and Xq Ci Xi — 9, we have f{Xo) = Xq- By symplectic 
invariance of ^64, 

ph{f{Xo)J{X,)J{Yo)J{Y^))^p. 

Theorem 11.101 guarantees that there exists a Hamiltonian chord of ht joining 
/(Xq) = Xq and f{Xi) of time- length < 1/p. This contradicts property (|55|) . 
and hence p — Q. □ 

Before proceeding further, let us introduce the following notation. Consider 
the annulus A = [— 1;1] x S^. Let xi, . . . ,Xk,yi, ■ ■ ■ ,yi be pairwise distinct 
points in . Consider a 1-dimensional simplicial complex 

A{xi,...,xk,yi,...,yi) c A 

defined by 

fc I 
^(xi, . . . , 2/1, . . . , yO = ({0} X U y ([0; 1] X {xj) U y ([-1; 0] X {y,}). 

Proof of Proposition ll.23l Recall that M is a closed symplectic surface, 11 C 
M is a quadrilateral with edges denoted (in the cyclic order) by ai, 02, 03, 04 and 
Ki, . . . , K4 is a generic quadruple of exact sections of T*S^. Put Pi = Ui x Ki. 
We have to show that 

p:^pb4{Pl,P3,P2,P4)^0. 

We will use the cyclic convention for the indices « = 1, 2, 3, 4 (that is 4+1 = 1, 
1-1 = 4). 

Choose in the obvious way parametcrizations 0i : A — >■ Pi, i = 1,2, 3, 4, such 
that Pi n Pi+i consists of a finite number of points of the form 

(f>^{l,Xj) = 0j+i(-l,yj), j = 1, . . .,N{i), 

for some N{i) G N. Put 

Si = A{xi,. . . , XN{i) , 2/1, • • ■ , yN{i-i))- 

Fix e > and observe that one can "collapse" the annulus A to an e-neighbor- 
hood SI of Si . More precisely, there exists a family of embeddings : A ^ A, 
t e [0; 1], such that i/jq = 1, ^l^jiA) = Sf and V'l = 1 near Si for all t. 
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Put Qi = (j)i{Si) and Qf = 't'iiSt)- Observe that Pi n P^+i = Qi n and 
therefore the isotopies 

el 0, o V^* : A ^ 

have disjoint supports for distinct i. Since each Pi is a Lagrangian submanifold 
of M X T*S'^, the isotopies 0*, i = 1,2,3,4, extend simultaneously to an 
ambient Hamihonian isotopy 6* of M x T*S^. By the symplectic invariance of 
Ph, 

pb4{Ql,Ql,Q'2^Ql)^P (66) 

for all e. Note that — )■ Qi as e — >■ 0, where the convergence is understood in 
the sense of Section \TJ\ Thus, by Proposition [^Hl 

p<q:= pb4{Qi,Q3, Q2,Qi)- 

Since each Qi is a one-dimensional embedded simplicial complex in M x r*^^. 
Proposition 17.11 vields g = 0. Hence p = 0. This completes the proof. □ 



Remark 7.2. Let X, Y, Z be compact subsets of a symplectic manifold (M, w) 
with X DY D Z = (f). Assume that X and Z are embedded simplicial complexes 
with dimX + dimZ < 2n - 2. We claim that pb3{X,Y,Z) = 0. Indeed, 
represent Z as the union Zi U Z2 of two compact embedded complexes of the 
same dimension so that X Zi = Y Z2 Combining Proposition 17. II with 
inequality ([32]) we get that 

o = p64(x, Zi,r,Z2) >p63(x,y,z), 

and the claim follows. 

8 Discussion and further directions 

8.1 Hamiltonian chords and optimal control 

Hamiltonian chords joining two disjoint subsets of a symplectic manifold 
appear in the mathematical theory of optimal control. For instance, the shortest 
geodesic between two closed submanifolds of a Riemannian manifold can be 
interpreted as a chord of the geodesic flow joining their Lagrangian co-normals 
in the cotangent bundle. As we have mentioned above (see discussion after 
Theorem ll.l3p . in some situations such chords can be captured by the Poisson 
brackets invariants. 

A similar interpretation can be given to the extremals provided by Pon- 
tryagin's maximum principle for an optimal-time control problem with variable 
end-points |38j . The Hamiltonian functions appearing in this context are degree- 
one homogeneous in the momenta and in general are not proper. It would be 
interesting to understand whether methods of symplectic and contact topology 
can detect Hamiltonian chords in this context. 
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The minimal time- length T{Xq, Xi,G) introduced in Section [1.41 has the 
following counterpart in control theory. Let {M, w) be a symplectic manifold 
(the so-called state space), U be the input space and G : M x U — )-Mbea 
controlled Hamiltonian (see e.g. Ch. 12] or |29[ Section 4.9.5]). For any 
path u{t), t & R, in U the function {x,t) >-)• G{x,u{t)) can and will be viewed 
as a time-dependent Hamiltonian on M. The optimal-time control problem 
with the initial set Xq and the terminal set Xi is to find the minimal possible 
time T := Tmin{Xo, Xi,G) and a sufficiently regular control u : [0;T] — >• t/ so 
that the Hamiltonian flow generated by G{x, u{t)) admits a trajectory x{t) with 
x(0) G Xo and x{T) G Xi. 

In general, even if the minimal time Tmin{Xo, Xi,G) is finite, there is no 
reason for it to remain uniformly bounded under C°-small perturbations of 
the controlled Hamiltonian G: such perturbations may drastically change the 
dynamics. Suppose now that pb4{Xo, Xi^Yq^Yi) = p > for some subsets 
Fq, Fi C M, and in addition 

minG'(a;, it,) — maxG'(x, u^,) — a > 

n Yo 

for some input it* G U. Taking the constant control u{t) = and applying 
Theorem II. 101 we get that 

T^UXo,X,,G)<{apr\ (67) 

This upper bound for Tmin{Xo, Xi,G) is robust under C^-small perturbations 
of the controlled Hamiltonian G. 

The methods of proving the bound ()67|) developed in the present paper 
are very much disjoint from the standard tools of control theory. It would be 
interesting to explore their possible interrelations. As a starting point one may 
consider the simplest case of an affine Hamiltonian control system. Here the 
controlled Hamiltonian G is of the form 

k 

G{x, u) = Go{x) + ^ UiGi{x), 

and the input space U is the cube 

< 1,1^1,. ..,k}. 

Suppose also that Xo,Xi,Yo,Yi are closed Lagrangian submanifolds in M as 
in the setting of Section [1 .71 above. The maximum principle with transversality 
conditions at Xq and Xi provides a wealth of information about time-optimal 
trajectories joining Xq and Xi (note that these extremals may possess switches 
of the control parameters which manifest the so-called "bang-bang" control) . It 
would be interesting to design specific examples where the upper bound (j67p 
can be deduced from the maximum principle. 
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Figure 6: Condition 



8.2 Higher Poisson bracket invariants 

In this section we suggest a generalization of the Poisson brackets invariants 
to ordered collections X = {Xi, . . . , X^) of compact subsets of a symplectic 
manifold (M, w). We start with the following data. 

Let ai{s, t) = aiS + Pit + 'ji, i = 1, . . . , iV, be a collection of N affine functions 
on the plane defining a convex Euclidean polygon P = [J^{ai > 0}. Let 
Li = {tti — 0} be the line containing i-th edge of P. Fix a convex open domain 
C containing P with the following property: 

Condition <(): For every i ^ j the set Li n Lj n Closure(il) is either empty or 
consists of a vertex of P (i.e. the closure of does not contain the intersection 
points of the lines Li that are not vertices of P) , see Figure [6l In addition, we 
assume that e if M is an open manifold. 

A collection X — {Xi, . . . , X]^} of iV > 3 compact subsets of M is called cyclic 
if Xi n Xj ~ unless i and j are equal or differ by 1 (the indices are taken 
modulo N). Given a cyclic collection X, denote by Ti^iX ,P,^ the class of 
pairs of functions (F, G) € F which satisfy 

{F{x),G{x)) e 17 Vx e M 

and 

a,{F{x),G{x)) < 1, . . . , A^, \/x e Xi. 

It is easy to see that this class is non-empty: First, we define F and G near 
Xi n Xi+i as the s— and i— coordinates of the corresponding vertex of P, then 
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we extend F, G to a neighborhood of Xi so that aiF{x) + piG{x) + 7i = and 
{F{x),G{x)) G ^2, and finally we cut off (F, G) outside the union of X^'s. 
Define the Poisson bracket invariant phN of a cyclic collection X by 

phN{X,P,n) :=inf||{F,G}||, 

where the infimum is taken over all {F,G) G J-n{X , P,fl). The previously 
defined invariants pb^ and pb4 are particular cases of this construction: the 
invariant pb^iXi, X2, X^) corresponds to the case when N = 3, = M.'^ and 
P = {.3 >0,t>0,s + t <1}, while pb^iXi, X3, X2, X4) (mind the order of the 
subsets) corresponds to the case when N = 4, = M."^ and -P = {0 < s < 1, < 
t < 1}. 

Higher Poisson bracket invariants can be studied along the lines of the 
present paper. Denote by J^'j^{X , P,V,) the class of pairs of functions {F,G) G 
J^n{X, P, ^) which satisfy 

{F{x),G{x)) eP VxeM. 

We claim that 

pbNiX,P,n)=M\\{F,G}\l 

where the infimum is taken over all {F, G) G J-'j^{X, P, fl). Indeed, condition ()> 
yields (cf. the proof of Lemma [2.41 above) the following fact: for every k > 
there exists S{k) > 0, with S{k) — as k — 0, and a map T = {Ti,T2) : il P 
which takes {a.; < 6} to the edge {a^ = 0} n P for all i — 1, . . . ,N and which 
satisfies 

l|{Ti,r2}R2|| < i + 

The claim readily follows from this fact (cf. the proof of Proposition [TT3] above). 

Suppose now that the symplectic manifold (M, uj) is closed and admits a sym- 
plectic quasi-state satisfying the PB-inequality (see ([T4| above). We have then 
the following analogue of Theorem 1 1.1 51 Assume that the sets Yi := lj}=i 
are superheavy for all i (we use the cyclic convention for the indices with 
+ 1 = 1). Then p6jv(A', P,il) > c > 0, where the constant c depends only on 
the polygon P and on the constant K entering the PB-inequality (fT4| . 

Let us sketch a proof. Put Ai = YYk=i~^ ai and A = Observe 
that the function A is strictly positive on the polygon P. Indeed, the functions 
Ai are non-negative, while the intersection of their zero sets is empty. Put 
c' = minp A > 0. Take a pair {F,G) G J^'pf{X,P,fl). Define functions Hi := 
Ai{F, G) and H := A{F, G) on M. It follows that C{H) > c'. At the same time 
Hi vanishes on Yi, and hence the superheaviness of Yi yields C{Hi) = 0. Thus if 
||{F, G}|| is sufficiently small, the functions Hi "almost commute", and hence, 
by the PB-inequality, |C(^)I should be strictly smaller than c' (which does not 
depend on F,G) yielding a contradiction. Therefore G}|| cannot be small 
which yields a lower bound on pb^. 

In case when A^'s are Lagrangian submanifolds, one can pursue the second 
approach to the positivity pb^'- deform the symplectic form and study per- 
sistent pseudo-holomorphic polygons coming from Donaldson-Fukaya category. 
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Similarly to pseudo-holomorphic triangles and quadrilaterals used for the study 
of ^63 and P64, pseudo-holomorpliic polygons with a higher number of vertices 
can be used to give a positive lower bound on pb]sr{X , P,V,). The existence 
of persistent pseudo-holomorphic polygons can be extracted from the higher 
(Massey-type) product 

fi^ : HF{Xi,X2) ® . . . ® HF{Xn-i,Xn) ^ HF{Xi,Xn), 

provided it is well-defined and non-trivial. 

It would be interesting to explore applications of higher Poisson bracket 
invariants beyond the applications of pbg, or pb^ described in this paper. 

8.3 Vanishing of Poisson bracket invariants 

According to the standard symplectic philosophy, the positivity of the Pois- 
son bracket invariant pbk{Xi, . . . ,Xk) should manifest "symplectic rigidity" of 
the collection of compact subsets Xi,. . . ,Xk. Thus for a "flexible" collection, 
pbk should vanish. Proposition 17.11 and Remark 17.21 above confirm this intu- 
ition: pb4{XQ, Xi,Yq,Yi) = provided dirnXo + dimXi < dimAf — 2 and 
pb3{X, r, Z) = provided dim X + dim Z < dim M -2. 

The next natural test is the case when dimAf = 4 and our subsets are 
two-dimensional surfaces. 

Proposition 8.1. Let {M^, lu) be a closed symplectic A-manifold and let X,Y C 
M be closed 2 -dimensional submanifolds such that at any intersection point p € 
X nV , the tangent spaces TpX, TpY C TpAI are transversal and symplectically 
orthogonal. Let Z <Z M be any compact set such that XnYnZ — 0. Then there 
exist smooth functions F, G : M ^ M. such that F =^ on X , G = on Y and 
F + G ^ I on Z . and, moreover, we have {F, G} = on M . As a consequence, 
we have pb3{X, Y, Z) — 0. 

Proof. For any point p E X Y there exists a neighborhood Wp of p with 
Darboux coordinates yi, 0:2, 2/2), where p — (0,0,0,0), such that X n Wp 
coincides with xi — yi =0 and Y n Wp coincides with X2 — y2 — 0. Let 
pi,P2, ■ ■ . ,Pk be the intersection points of X and Y . Replacing, if necessary, 
the neighborhoods Wp-, i = 1,2, ... ,k, by smaller ones we may assume that 
Wpj , , . . . , Wp^ are pairwise disjoint and Wp. ^ Z = for i = 1, 2, . . . , fc. 
Take a small a > such that 

Pa {{xi,yi,X2,y2) \ x\+yl^ a^, xl+yl^ a^} C Wp^ 

for i — 1,2, . . . ,k. Moreover, one can find tubular neighborhoods Ux of X and 
Uy of Y in M such that C/x n C/y C ujL^Vyp,, and 

Ux^Wp^ {{xi,yi,X2,y2) €Wp\xl+yl < a^}, 
Uy r\Wp = {{xi,yi,X2,y2) C^Wp\xl + yl < a^} 
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for any p £ X CiY. Consider a smooth function u : [0; +00) — )• [0; 1] such that 
u{t) = for t e [0; a^/S] and u{t) = 1 for t e [20^/3; +00). Define functions 

by 

f{xi,yi,x2,y2) = u{xl + 2/1), 

g{xi,yi,x2,y2) = u{xl + 2/1) 

for {xi,yi,X2,y2) e Wp for any p e . One can easily find smooth functions 

F,G : M ^ [0; 1], such that = on X, F{x) = 1 on M \ C/x, G'(a;) = 

on F, G(a;) = 1 on M \ Uy and F{x) — f{x), G{x) = g{x) for x lying in a 
neighborhood of Pq C Wp. , i = 1, 2, . . . , fc. Then we will have {F, G} = on 
M,F = QonX,G = Q onV and + G ^ 1 on Z. □ 

A similar argument shows that if Xq and Yq are closed surfaces in a symplec- 
tic four-manifold which intersect transversally and are symplectically orthogonal 
at each intersection point, p64(Xo, Xi, Yq, li) = for all Xi^Yi satisfying the 
intersection condition ([5]). 

We still do not know the answer to the following basic question. 

Question 8.2. Let X,Y,Z C M"^ be closed 2-dimensional non-Lagrangian 
submanifolds with XnynZ = 0. Isit true that pb'i{X, Y, Z) = 0? 

The obvious analogue of this question for phi is also open. 
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